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APPROXIMATIONS TO SHEAR-WAVE VELOCITY
AND MOVEOUT EQUATIONS  IN

ANISOTROPIC MEDIA1

XIANG-YANG L12 and  STUART CRAMPIN

ABSTRACT

LI, X.-Y. and CRAMPIN, S. 1993. Approximations to shear-wave velocity and moveout equa-
tions in anisotropic media. Geophysical Prospecting 41, 833-857.

Backus and Crampin derived analytical equations for estimating approximate phase-
velocity variations in symmetry planes in weakly anisotropic media, where the coefficients of
the equations are linear combinations of the elastic constants. We examine the application of
similar equations to group-velocity variations in off-symmetry planes, where the coefficients
of the equations are derived numerically. We estimate the accuracy of these equations over a
range of anisotropic materials with transverse isotropy with both vertical and horizontal
symmetry axes, and with combinations of transverse isotropy yielding orthorhombic sym-
metry. These modified equations are good approximations for up to 17% shear-wave aniso-
tropy for propagations in symmetry planes for all waves in all symmetry systems examined,
but are valid only for lower shear-wave anisotropy (up to 11%) in off-symmetry planes.

We also obtain analytical moveout equations for the reflection of #-, qSH-, and qSV-
waves from a single interface for off-symmetry planes in anisotropic symmetry. The moveout
equation consists of two terms: a hyperbolic moveout and a residual moveout, where the
residual moveout is proportional to the degree of anisotropy and the spread length of the
acquisition geometry. Numerical moveout curves are computed for a range of anisotropic
materials to verify the analytical moveout equations.

INTRODUCTION

Over the last decade, the use of multicomponent seismic data to evaluate the effects
of anisotropy has become increasingly common within the industry. Multi-
component reflection data have been acquired in a number of different areas for
studying fractured reservoirs (Alford 1986; Squires, Kim and Kim 1989; Mueller
1991; Davis and Lewis 1990; Lewis, Davis and Vuillermoz 1991). Thus, obtaining-
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even approximate analytical equations for estimating velocity variations and
moveouts in anisotropic media may be useful for processing and interpreting seismic
anisotropy in multicomponent seismic data.

There appear to be three basic sources of anisotropy in sedimentary structures.
Matrix anisotropy due to lithology, in shales for example, and anisotropy due to
semi-periodic sequences of thin layers, which we shall call PTL-anisotropy
(Crampin 1989). Since both matrix- and PTL-anisotropy have transverse isotropy
with a vertical symmetry axis and similar patterns of velocity variations, for conve-
nience we shall refer to both types of transverse isotropy as PTL-anisotropy, and
will assume a vertical symmetry axis. The third source of anisotropy is distributions
of stress-aligned parallel vertical cracks, microcracks, and preferentially orientated
pore space known as extensive-dilatancy anisotropy or EDA (Crampin 1989). Com-
binations of PTL- and EDA-anisotropy  lead to orthorhombic symmetry (Crampin
1989) which we shall refer to as cracked layer anisotropy or CLA-anisotropy.

Velocity variations in symmetry planes in transversely isotropic media with
either a vertical (PTL-anisotropy) or a horizontal (EDA-anisotropy) symmetry axis
have been well studied in the literature (Backus 1965; Crampin 1977, 1981, 1991a;
Levin 1978, 1979; Thomsen 1988; Sena 1991; Berge 1991; and many others). Recent
observations (Bush and Crampin 1987, 1991; Kramer 1991; Kramer and Davis
1991) suggest that the anisotropy in most sedimentary basins is a combination of
PTL-anisotropy and EDA-anisotropy  yielding orthorhombic symmetry (CLA-
anisotropy). This means that most multicomponent shear-wave data sets are
acquired in vertical off-symmetry planes (Alford 1986; Squires et al. 1989; Mueller
1991). This paper examines the effects of such--CLA-anisotropy in different off-
symmetry planes on the estimation of velocity variations and moveouts of split
shear-waves.

Backus (1965) determined approximate equations for the variations of qP-wave
velocity over a plane in a weakly anisotropic solid in terms of linear combinations
of the elastic constants. Crampin (1977) derived similar expressions for shear-waves
propagating in planes of a weakly anisotropic solid. Crampin (1982) showed that
these equations for both P-waves and shear-waves are only valid for propagation in
planes of mirror symmetry. Levin (1978, 1979) and Helbig (1983) discussed qP-wave
velocity variations and traveltime equations in rocks with PTL-anisotropy. They
particularly studied PTL-anisotropy with elliptical velocity dependence with a verti-
cal symmetry axis simulating horizontal layering. Uren, Gardner and McDonald
(1990) extended the results of Levin and Helbig into an elliptical anisotropic media
with dipping layering. Byun, Corrigan and Gaiser (1989) obtained a general and
skewed hyperbolic moveout relation for a qP-wave in weakly PTL-anisotropy.
Thomsen (1986, 1988) discussed shear-wave moveouts in EDA-anisotropy;  Li and
Crampin (Paper presented at 4th International Workshop on Seismic Anisotropy,
1990) studied the dynamic and kinematic features of shear-waves in a horizontally
stratified earth with EDA-anisotropy;  Sena (1991) extended these results into multi-
layered media.

However, most of these results are derived only for symmetry planes of weakly
anisotropic solids. This restriction may not cause severe problems in PTL-
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anisotropy in which all vertical planes are symmetry planes, but may cause prob-
lems in media with EDA-anisotropy, or in CLA-anisotropy with combinations of
PTL- and EDA-anisotropy which has orthorhombic anisotropic symmetry. If a
survey line runs at an oblique angle to the crack strike in a survey area with EDA-
or CLA-anisotropy, the acquisition plane in a multicomponent reflection survey is
an off-symmetry plane.

Here, we extend the results of Backus (1965) and Crampin (1977) into the off-
symmetry planes of a weakly anisotropic solid, where the coefficients of the equa-
tions are derived numerically. We examine their accuracy over a range of
anisotropic materials with PTL-, EDA-, and CLA-anisotropy. Based on the analyti-
cal velocity equations, we then derive analytical moveout equations in symmetry
and off-symmetry planes for reflections of qP-, qSH-, and qSV-waves from a single
interface, and verify the equations by numerical results.

ANALYTICAL  VELOCITY EQUATIONS

We consider a weakly anisotropic solid with three mutually orthogonal symmetry
planes. (Note that any two orthogonal symmetry planes necessarily imply a third
mutually orthogonal symmetry plane (Crampin 1984).)  In a medium with a com-
bination of PTL- and EDA-anisotropy (CLA-anisotropy), planes parallel and per-
pendicular to the crack strike and the mutually orthogonal (horizontal) plane are
symmetry planes. The ray geometry of a source-receiver configuration in a reflec-
tion survey is shown in Fig. 1, where we assume there is PTL-, EDA-, or CLA-
anisotropy and that the horizontal plane is a symmetry plane. The survey line is at
an angle a from the crack normal, where 4 is the ray angle measured from the
vertical, and ~(4) is the group-velocity (ray velocity) of an arbitrary wave. We study
the variation of v(4) and the traveltime of the surface-to-surface reflected wave along
path ORG in Fig. 1. The traveltime equation from source to receiver is also referred

S U R V E Y  L I N E

FIG. 1. Diagram showing the acquisition geometry and coordinate system. A survey line on
the surface is at angle a to the crack strike. vi, is the horizontal velocity in the direction of the
survey line, and v, is the vertical velocity at vertical incidence. v(4) is the ray (group) velocity
and 4 is the angle of incidence . Note that these variables are for qP-, qSH-, or aW-waves.
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to as the moveout equation. Note that in anisotropic media, directions of phase-
and group-propagation are not collinear, except in particular symmetry directions,
so that seismic rays may deviate from the directions of phase propagation. However,
this ray deviation is small for weakly anisotropic media (Crampin 198 1; Shearer and
Orcutt 1985),  and the ray geometry in Fig. 1 is still a good approximation.

Basic theory
In an anisotropic medium, there are three body waves with mutually orthogonal

particle motion (polarization) in each direction of phase propagation. For weakly
anisotropic media, the three body waves are a quasi-compressional wave, qP, and
two quasi-shear waves (the faster, qSI, and the slower, qS2). (We shall also use the
notation qSH and qSV to refer to waves which have nearly SH- and ST/-wave par-
ticle motion.) The phase-velocities of these three waves are solutions of the Kelvin-
Christoffel equations (Musgrave 1970; Auld 1973; Crampin 1981). These equations
are rational functions of the elastic constants and direction cosines, and are suffi-
ciently complicated to have little analytical application except in computer pro-
grams. However, in a (vertical) symmetry plane of a weakly anisotropic medium, the
phase-velocities of the three body waves can be written as (Backus 1965; Crampin
1977, 1981)

pu$ = A + B, cos 20 + B, sin 28 + C, cos 48 + C, sin 48,

pu& = D + E, cos 46 + E, sin 48

and

pt.&, = F + G, cos 20 + G, sin 28,

where

A = cw3333 + Cl,,,) + w1133 + 2c,,,,)1/89
Bc = k3333 - c111&
B, = (c 1333 + c311A

c, = [ c 3333 +  Cl111  - P1133 +  2Cl,,,)1/8,

G = (Cl333  - c3111n

D =  cc3333 +  Cl111 - w1133 - 2c131,)1/8,
E, = -C,,
E, = -C,,
F =  h323 +  Cl21,)/2~

Gc = (c2323 - c1212Y29

Gs = c1223 9

p is the density, uqp is the phase-velocity of the qP-wave, uqsV and uqSH are the
phase-velocities of the quasi-shear-waves with polarizations parallel (qSV) and at
right angles (qSH) to the sagittal plane and 6 is the angle of incidence of phase
propagation measured from the vertical axis. Note that here we examine velocity
variation in a vertical plane as in Crampin and Radovich (1982), while Crampin
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(1977) considered variation over a horizontal plane. If the horizontal plane is also a
plane of mirror symmetry, the sine terms in (1) vanish, giving rise to the reduced
equations of Crampin (198 1).

What is usually observed in both field and laboratory experiments is the propa-
gation of energy along seismic rays at the group velocity. We use 4 to represent the
angle of incidence of energy propagation (Fig. 1) and 8 to represent the angle of
incidence of phase propagation. At anisotropic/anisotropic interfaces, it is the ray
that determines the point where the reflection or transmission occurs, but it is
Snell’s law applied to the phase-velocity variations that determines the angle of
reflection or transmission (Crampin 198 1).

In a symmetry plane, motion is confined to the plane and the relationships
between group velocity v(4), propagating in a direction 4, and phase velocity u(0),
propagating in a direction 0, are particularly simple (Postma 1955 ; Krey and Helbig
1956),

~“(4)  = 23(e) + [d(e)]2
and

tan 4 = [u(e) sin 8 + d(e) cos e-y[u(e) cos 8 - d(e) sin e],

where u’(0) = du(@/de.
(2)

Approximate equation for v(4)
The expression for ~(4) can be obtained by substituting (1) into (2). However, as

demonstrated by Crampin and Kirkwood (1981). Thomsen (1986), and others, ~(4)
and 4 bear a similar relation to the energy propagation in a symmetry plane of a
weakly anisotropic medium as u(0) and 8 do to the phase propagation. Thus we
have

v”(4) = a + b cos 24 + c sin 24 + d cos 44 + e sin 44 (3)
for any body waves, where a, b, c, d and e are constants which can be expressed as
linear combinations of elastic constants, if the anisotropy is weak enough (Crampin
and Radovich 1982). Again, if 4 = 0” is normal to a symmetry plane, the sine terms
in (3) vanish. Dividing (3) by p gives

v"(4) = a’ + b’ cos 24 + C' sin 24 + d’ cos 44 + e’ sin 44, (4)
where a’, b’, c’, d’, and e’ are constants. Note that (4) is a general expression for all
three body waves for appropriate choice of constants.

For studying moveout we use the variation of V”(4). Noting that ratios b’/a’,
cl/a’, d’/a’ and e’Ja’ are each less than p/100, where p is the maximum percentage of
velocity anisotropy (Crampin and Radovich 1982),  we can represent v-“(4) by a
Taylor series in cos 4. The first five terms are

v-“(4) = a, + a, cos 4 + a2 cos2 4 + a3 cos3 4 + a4 cos4 4, (5)
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where ai (i = 0, 1, 2, 3, 4) are constants. If c’ and e’ in (4) are zero, a, and a3 in (5)
will also be zero. If a,, a3 and a4 are zero, (5) reduces to a form with elliptical
velocity variation, as demonstrated by Levin (1978, 1979).

Validity
The above equations are approximations derived only for propagation in sym-

metry planes, and the equations, where the coefficients are linear combinations of
the elastic constants, may be poor representations of the velocity variations in off-
symmetry planes (Crampin and Kirkwood  1981; Crampin 1982). In the orthorhom-
bit symmetry of CLA-anisotropy in Fig. 1, there are only three symmetry planes,
corresponding to a = O”, a = 90” and the horizontal plane, and (3), (4), and (5) are
derived only for the vertical acquisition planes a = 0” and 90”.

However, we demonstrate below, that in most off-symmetry planes, similar equa-
tions with numerically determined coefficients may be good approximations to the
variations of phase and group velocities. We determine these coefficients by least-
squares fitting, at the cost of sacrificing the physical significance of the coefficients as
linear combinations of elastic constants.

VERIFICATION  OF  ANALYTICAL  EQUATIONS

Equation (5) is directly related to traveltime equations. Given an anisotropic
material, the velocity variations v -“(4) of the three body waves can be calculated
numerically, and (5) fitted by least-squares to these variations. In this way, we deter-
mine the coefficients ai for i = 0, 1, . . . ,- 4, and examine the average relative error
between the analytical velocity and the numerical velocity. For this purpose, we
introduce

6 = (VI - vzh,

e = (1/N) C I vn(4i) - v(4i) I lvA4i)7 (6)

& = e/6,

where 6 is defined as the amount of differential shear-wave anisotropy of a material,
v1 and v2 are the group velocities of the faster and slower split shear-waves at
vertical incidence for EDA- and CLA-materials and at horizontal incidence for
PTL-materials, e is the average error of the analytical velocity v(4) given by (5)
relative to the numerical velocity v,(4), N is the number of angles of incidence over
the range 0” - 90”, and s is the ratio of average relative error to the amount of
differential anisotropy.

The accuracy of (5) is judged in two ways. Firstly, we plot the analytical and
numerical velocity against angles of incidence and compare them directly to
examine the overall fit. The second way is by s-criteria. If E 6 0.1, that is, the error
introduced by (5) is much less than a tenth of the amount of anisotropy 6, then (5) is
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good representation, and the error introduced by (5) to the velocities may be
neglected. Otherwise, if s >, 0.1, the error introduced by (5) is comparable with the
amount of anisotropy, then (5) is a poor representation.

Equation (5) is examined over a range of anisotropic materials including pure
PTL-anisotropy, pure EDA-anisotropy  and a combination of PTL- and EDA-
anisotropy leading to orthorhombic (CLA) symmetry. Tables 1, 2, and 3 summarize
the parameters of these materials, the materials in Table 3 being combined from the
corresponding materials in Tables 1 and 2. Details of the behaviour of such
materials are given by Wild and Crampin (1991). We discuss the three different
types of anisotropy separately in the following sections.

PTL-anisotropy

PTL-anisotropy is azimuthally isotropic, all vertical planes are symmetry planes,
and the behaviour is independent of azimuth ct. Consequently, (5) is expected to be a
good representation for all three body waves in all vertical planes.

Table 1 shows the differential shear anisotropy and the elastic constants of nine
materials with pure PTL-anisotropy. The degree of anisotropy varies from 2% to
36%. Figure 2 compares the numerical velocity v,(4) and the approximate velocity
v(4) from (5), for materials A5 (Fig. 2a) and A8 (Fig. 2b). A5 and A8 have 12% and
28% PTL-anisotropy, respectively. The symbols mark the numerical values and the
solid lines through the corresponding symbols represent the corresponding analyti-
cal velocities from (5). In Fig. 2a, we see that for 12% PTL-anisotropy, the analytical
results match the numerical results very well for all three body waves and (5) is a
good representation for 12% PTL-anisotropy within the symmetry plane. However,
in Fig. 2b, we see that for 28% PTL-anisotropy, (5) is a good representation for qP-
and @H-waves,  but is poor for @V-waves. In fact, for PTL-anisotropy with a

TABLE 1. Elastic constants of PTL-anisotropy (in 10’ Pa), where Cijkl for i, j, k,
I = 1, 2, 3, are elements of the elastic tensor (Crampin 1981) and density is 2.6 g/
cm3. The bracketed constants (cij) are the alternative two-suffix notation for the
elastic constants. Note that the materials are selected to represent typical rocks
in a sedimentary basin, and that the P-wave velocity of the isotropic matrix
varies from 4.0 km/s to 2.5 km/s.

Material Percentage
name anisotropy

Cl111 C3333 C3311 c2323 Cl212

(cd cc331 (Cl3) (c&J  (%d

Al
A2
A3
A4
A5
A6
A7
A8
A9

2% 41.378 39.690 15.186 12.418 12.785
4% 38.904 36.097 13.819 11.353 12.05 1
6% 36.556 32.400 12.400 10.25 1 11.375
9% 34.342 28.632 10.954 9.116 10.754

12% 32.272 24.835 9.509 7.949 10.182
17% 30.345 21.060 8.060 6.784 9.669
22% 28.576 17.369 6.644 5.63 1 9.210
28% 26.977 13.933 5.297 4.505 8.802
36% 25.553 10.530 4.030 3.450 8.450
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FIG. 2. Comparison of numerical and analytical ray velocities for materials with PTL-
anisotropy, where properties are independent of the azimuth a. The black dots are the
numerical velocity of q&waves, crosses are those of @V-waves and diamonds of @H-waves.
The solid lines through the corresponding marks are analytical velocities. (a) Material A5 has
12% PTL-anisotropy; (b) material A8 has 28% anisotropy.

vertical axis of symmetry, a @H-wave has an exact analytical velocity equation
similar to (5) with zero values for a,, a3 and a4. In other words, (5) is valid for any
amount of PTL-anisotropy for a @H-wave.

Next we examine the &-criteria. We apply (5) to all the materials shown in Table
1, and calculate and plot the error ratio E against the degree of anisotropy 6 in
Fig. 3. Figure 3 shows that the error ratio irrcreases as the- amount-ofanisotropy
increases. For up to 36% PTL-anisotropy, the error ratios are still very close to zero
for qP- and @H-waves. This confirms that (5) is valid for a @H-wave for any
amount of PTL-anisotropy, and that a @-wave is not very sensitive to PTL-
anisotropy. At 12% PTL-anisotropy, the error ratio of the @V-wave  is close to the
corresponding error ratios of qSH- and qP-waves;  after that, the error ratios of the
@V-wave  gradually increase and separate from the corresponding ratios of the
qSH- and q&waves. Note that at 17% anisotropy, the error ratio of a @V-wave is
also very close to the ratios of qSH- and @-waves.
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Pure PTL Anisotropy

0 5 10 15 20 25 30 35 40

PTL Anisotropy (%)
FIG. 3. Error ratio E against the amount of PTL-anisotropy.

To summarize, (5) is a good representation for velocity variations up to 36%
PTL-anisotropy for @-waves,  any amount of anisotropy for qSH-waves, and 17%
for @V-waves,  or up to at least 17% PTL-anisotropy for all three body waves.
Because of the presence of higher-order terms in (5), these results are significantly
better than those of Levin (1978, 1979) in his earlier study of seismic velocities in
PTL-anisotropic media, where he considered only elliptical velocity variations.

EDA-anisotropy
Table 2 shows the differential shear anisotropy and the elastic constants of seven

pure EDA-materials. The amount of anisotropy varies from 1% to 20% (crack
density from 0.01 to 0.20). There are azimuthal variations in EDA-anisotropy, that
is, the velocity varies with a, the line azimuth angle measured from the crack
normal. To examine the accuracy of (5) for representing the velocity variations of
the three body waves in vertical acquisition planes, we consider two cases. Firstly,
we choose the plane a = 30” and vary the amount of EDA-anisotropy, then we
choose material Cl5 and vary the line azimuth angle a.

Following a similar sequence as in the previous discussion for PTL-anisotropy,
we first examine the overall fit of the analytical velocity to the numerical velocity.
Figure 4 shows the comparison of the analytical approximate velocity v(4) given by
(5) to the numerical velocity v,(4) for angles of incidence in materials Cl0 (Fig. 4a)
and Cl5 (Fig. 4b) for the off-symmetry plane a = 30”. Cl0 corresponds to crack
density 0.10, with approximately 10% shear-wave anisotropy, and Cl5 corresponds
to density 0.15, with 15% shear-wave anisotropy. From Fig. 4 it can be seen that the
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TABLE 2. Elastic constants of EDA-anisotropy (in 10’ Pa), density is 2.6
g/cm3. The materials are selected to represent typical rocks in a sedimentary
basin and the P-wave velocity of the isotropic matrix varies from 2.0 km/s to
4.0 km/s. Notation as in Table 1.

Material Crack Cl111 C3333 C3311 c2323 Cl212
name density (4 cc331  ($3) @44) (C66)

co1 0.01 13.159 13.162 4.387 4.387 4.288
co2 0.02 16.240 16.249 5.419 5.414 5.172
co5 0.05 19.627 19.659 6.538 6.557 5.849
co9 0.07 27.365 27.452 9.129 9.150 7.801
Cl0 0.09 27.338 27.449 9.120 9.150 7.457
Cl0 0.10 27.324 27.447 9.125 9.150 7.293
Cl5 0.15 31.571 31.819 10.518 10.620 7.589
c20 0.20 43.593 50.959 18.835 14.95 1 24.878

0a 4.0

- Cl0

3 . 5 -

-lb _

3 . 0 -

l q p

: g;

- Appr. Equation

o.o,,
0 20 40 60 80

Incidence Angle ye (0’)

$ 2 . 5
Y

0.5

1

l q p

z $ Z

- Appr. Equation

O.O.,
0 20 40 60 80

Incidence Angle Q (0’)

FIG. 4. Same as Fig. 2 but for materials with EDA-anisotropy. Line azimuth angle a = 30”.
(a) Materials Cl0 with crack density 0.10 and about 10% shear-wave anisotropy; (b) material
Cl5 with crack density 0.15 and approximately 15% anisotropy.
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FIG. 5. (a) Error ratio E against the amount of EDA-anisotropy  with line azimuth a = 30”; (b)
error ratio E against the azimuth angle for material C15.

fit of the analytical velocity to numerical velocity is very good for all the three body
waves in Cl0 and C15.

Note that the nomenclature of the shear-waves changes at an angle of incidence
of about 65”. This is because in these off-symmetry directions, the polarization of
shear-waves varies smoothly with direction while still remaining approximately
orthogonal. At about 65”, the polarizations of the shear-waves approach and pass
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(1980, 198 1). Thus, (5) is a good representation for up to 15% EDA-anisotropy  for
any body wave and along vertical planes at all azimuths.

CLA-anisotropy
Table 3 shows 13 orthorhombic materials used in this study. Figures 6 and 7

show the same phenomena as Figs 4 and 5, but for CLA-materials. Figure 6 shows
that the analytical and the numerical values match very well for all three body

( 1a
0.9

,g 0.7

z
u

0.5
5
k
w 0.3

0.1

0.0

EDA + PTL Anisotropy

0

&horh~mbic ‘1nisotGpy (l)

l q p

+ qsv
A5C09

1 0 qSH

0 20 40 60 80 100

Line Azimuth (Degrees)
FIG. 7. Same as Fig. 5, but for orthorhombic CLA-anisotropy.



TABLE 3. Elastic constants (in 10’ Pa) of orthorhombic CLA-anisotropy formed from combining the PTL-materials in Table
1 with the crack density used in Table 2. Density is 2.6 g/cm3. Notation as in Table 1.

Material Percentage
name anisotropy

cllll Cl122 Cl133 C2222 c2233 C3333 c2323 C3131 Cl212

(Cll) (c12)  h3) k22) (c23) (c33) (4 (4 (%6)

AlCOl
A2C02
A3C05
A4C07
A5C09
A6ClO
A6C15
A7ClO
A7Cl5
A8ClO
A7C20
A8C20
A9C20

2% 41.347 15.796 15.174 41.374 15.181 c39.686 12.418 12.144 12.503
3% 38.849 14.782 13.801 38.895 13.813 36.092 11.353 10.857 11.525
6% 36.436 13.761 12.363 36.536 12.390 32.396 10.251 9.173 10.177
8% 34.191 12.782 10.923 34.311 10.954 28.65 1 9.116 7.811 9.205

10% 32.090 11.858 9.509 32.222 9.542 24.917 7.952 6.536 8.341
14% 30.136 10.988 8.146 30.260 8.176 21.288 6.791 5.482 7.743
16% 30.063 10.959 8.122 30.249 8.167 21.28 1 6.791 4.960 6.938
17% 28.315 10.209 6.909 28.418 6.932 17.897 5.648 4.582 7.348
18% 28.253 10.184 6.890 28.408 6.925 17.892 5.648 4.163 6.591
19% 26.592 9.571 5.901 26.677 5.919 14.933 4.544 3.717 6.942
21% 28.192 10.160 6.872 28.399 6.918 17.888 5.648 3.822 5.911
24% 26.49 1 9.530 5.873 26.66 1 5.909 14.929 4.544 3.150 5.602
28% 24.853 9.092 5.220 24.989 5.246 12.648 3.533 2.549 5.258
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waves in both materials A3C05 (6%) and A5C09 (11 Oh). This implies that (5) is a
good representation for all three body waves for at least 11% CLA-anisotropy. Note
again that the polarization changes at an angle of incidence of about 50” which
causes a change in nomenclature.

Figure 7a shows the error ratio against the amount of CLA-anisotropy for off-
symmetry directions with a line azimuth angle a = 30”. Again the error ratios
increase with the amount of anisotropy. The error ratios of the @-wave never
exceed the 0.1 line, but are close to the line for anisotropy greater than 20%. The
ratios of the two shear-waves exceed the 0.1 line for anisotropy greater than 17%.
Thus, (5) is good up to 20% CLA-anisotropy for @-waves, and up to 17% for the
two shear-waves for a line azimuth angle a = 30”.

Figure 7b shows the error ratio against line azimuth for materials A5C09 (about
11% anisotropy). The error ratios never exceed 0.1 for all three body waves and for
all line azimuth angles. However, the error ratio of &W-waves at small azimuth
angles, and those of &M-waves at high azimuth angles are close to the 0.1 line.
Thus if the anisotropy is larger than 1 l%, the error ratios of the two shear-waves at
these azimuths will be greater than 0.1, and the 11% anisotropy is about the limit
for the validity of (5) for shear-waves. The error ratios of @-waves are relatively
insensitive to the line azimuth. Thus, (5) is a good approximation up to 20% CLA-
anisotropy for @-waves, and 11% anisotropy for qSH- and @V-waves  for all line
azimuth angles.

MOVEOUT  EQUATION

As shown in Fig. 1, x is the source-receiver distance OG, and z is the depth of the
reflector OD. The traveltime t for the path ORG can be written as

t2 = 4z2/(v((b)  cos 4)“. (7)
As demonstrated in the Appendix, by substituting (5) into (7), the moveout equation
can be written as

(8)

where

t; = t; + x2/v;,, )

t; = 4z2/v,2,
t,” = x~/v,~,~S~ sin2 4

(9)

(10)
(11)

and

a,2 = 1 v,2,&; - 1 I. (12)
Equation (8) shows that the traveltime t along ORG in Fig. 1 in an anisotropic

medium can be separated into two terms, t, and t,, where t, is a hyperbolic
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FIG. 8. t2-x2 curves for PTL-anisotropy for the velocities of Fig. 2 for a reflector at 1000 rn
and a O-2350 m spread. The black dots are numerical results of @-waves, crosses are those
of &W-waves, and diamonds are those of @H-waves. The solid lines are second-order fittings
using (8) and dashed lines are first-order fittings using (9). The first-order curves of qSV-
waves are not plotted. (a) Material A5; (b) material A8.
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moveout as shown in (9) and t, is a residual moveout. Equation (11) shows that t, is
the product of three terms: x/v,,~ is a conventional moveout term, 6, in (12) is a
measure of the apparent velocity anisotropy in the medium, and sin 4 is a measure
of the spread factor of the acquisition geometry (the ratio of spread length to length
of raypath). If the angle of incidence is small (or x is small), then sin 4 is small, and
t, will be small. Also if the anisotropy is small, then t, will be small. Thus, t, is a
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residual moveout related to the amount of anisotropy of the medium and the spread
factor of the geometry.

To evaluate these equations, we compute synthetic moveout curves using the
numerical velocities shown in the previous section. We assume a single 1000 m thick
anisotropic bed having a horizontal lower interface and calculate reflection arrival
times for surface receivers with offsets O-2350 m from a source also on the surface.

We plot t2 against x2, then calculate the moveout velocity using the initial slope.
Note that the moveout velocity is the square root of the reciprocal of the absolute
value of the initial slope of a t2-x2 curve (Thomsen 1988). We then fit (9) (the
hyperbolic moveout equation) using the moveout velocity calculated to the t2--x2
data as a first-order approximation, and fit (8) (hyperbolic moveouts plus residuals)
as a second-order approach.

Figure 8, 9, and 10 show t2--x2 plots for velocities of the materials in Figs 2, 4,
and 6, respectively. The numerical t2-x2 curves of @-waves are plotted as black
dots, those of @V-waves as crosses, and those of @H-waves as diamonds. The
first-order $x2 curves of qP- and @H-waves are both plotted as dashed lines, and
the second-order (t,” 2 tF)-x2 curves of the three body waves are plotted as solid
lines. Note that the first-order tE-x2 curve of @V-waves  is not plotted, because the
moveout of the @V-wave  decreases as offset increases at small offsets in Figs 8, 9,
and 10, resulting in a negative initial slope at the corresponding t2+c2 curves in Figs
8, 9, and 10. It is obvious that in these cases the t2-x2 of @V-waves  cannot be
modelled by the first-order &$x2 curves, even for small offsets. The results of three
different types of anisotropy will be discussed separately.

PTL-anisotropy
Firstly, we examine @-waves.  As shown in Fig. 8, for small offset ranges, the

first-order curve of the q&wave is a good match to the black dots of the t2+c2
curve, but this range decreases as anisotropy increases. For material A5 (12%
anisotropy, Fig. 8a), the range extends to about 1.5 km2 (angle of incidence 4
approximately 30”). But for material A8 (28% anisotropy, Fig. 8b), the range reduces
to about 0.5 km2 (4 Eli 19O). In contrast, the second-order curve (solid lines) follows
almost exactly the black dots over the whole offset range in Fig. 8a for material A5,
and only slightly deviates in Fig. 8b for material A8.

Secondly, we examine qSH-waves. The t2-x2 curve of the @H-waves in the
PTL-anisotropic medium with vertical axis of symmetry is a straight line as shown
in Fig. 8, and both first- and second-order curves are good matches for all offsets for
both materials.

Thirdly, we examine the @V-wave. For @V-wave, the changes in the t2-x2
curves are substantial. In both Figs 8a and b, the moveout decreases with offset at
near-vertical incidence, leading to a negative initial slope. As a result, the first-order
curves do not match the numerical results, and the moveouts can no longer be
represented by a hyperbola even at small offsets. The second-order curve of the
@V-wave is a good. match only for material A5 (Fig. 8a).
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EDA-anisotropy
Figure 9 shows the corresponding results for EDA-anisotropy. For the @-wave,

the first-order and second-order curves match the black dots for the whole offset
range for both materials Cl0 (10% anisotropy) and Cl5 (15% anisotropy). This
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confirms that the @‘-wave is not sensitive to crack anisotropy. For the @H-wave,
the first-order curves are a good match at small offsets both for Cl0 and Cl5 with
offset ranges (x2 = 3.2 km2, 4 = 42”) and (x2 = 2.2 km2, 4 = 36”), respectively, and
the second-order curves are a good match over the whole offset range for both
materials Cl0 and C15.

For @V-waves, Fig. 9 shows similar features to those of Fig. 8. Firstly, the
moveouts with offset at small offsets, and the t2-x2 curves can no longer be model-
led by the first-order t&x2 curves for both materials Cl0 and Cl5 (Figs 9a and b).
Secondly, the second-order curve is a good match to the numerical results only for
material Cl0 (Fig. 9a); for material C15, the matches are not very good at small
offsets.

CLA-anixtropy
Figure 10 shows the corresponding results for orthorhombic anisotropy. The

overall features in Fig. 10 are similar to those in Figs 8 and 9. For @-waves, the
first-order curves in both Figs 10a and b match at small offsets, offsets less than
about 2.7 km2 (angle of incidence 4 about 39”) for material A3C05, and about 1.7
km2 (4 approximately 33”) for material A5C09. The second-order curves match very
well over the whole range of offsets and for both materials A3C05 and C5CO9 (Figs
10a and b).

For @H-waves, again the first-order curves match well at small offsets with
ranges of (x2 = 3.0 km2, 4 = 41”) for A3C05 and (x2 = 0.8 km2; 4 = 24”) for
A5C09, and the second-order curves are a good match over the whole offset range
for both materials. For @V-waves, the moveouts also decrease with offset at small
offsets, thus the t2-x2 curves cannot be modelled by first-order $x2 curves for both
materials A3C05 and C5CO9, and the second-order curve shows a good match only
for material A3C95 (Fig. 10a).

DISCUSSION

Approximate analytical equations can be used to estimate the velocity variations in
off-symmetry planes in weakly anisotropic solids. The accuracy of the analytical
equations in relation to the amount of anisotropy can be summarized as follows.

Accuracy of approximations for velocity variations

1. For @-waves, the approximate equations are good representations for up to
36% PTL-anisotropy, 15% EDA-anisotropy  and 20% CLA-anisotropy.

2. For @H-waves, the approximate equations are also good representations for
any amount of PTL-anisotropy, 15% EDA-anisotropy  and 11% CLA-anisotropy.

3. For @V-waves, the approximate equations are good representations for up
to 17% PTL-anisotropy, 15% EDA-anisotropy  and 11% CLA-anisotropy.

4. Within the above anisotropy limits, the approximate equations yield good
representations of velocities in all vertical planes including off-symmetry directions.
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Accuracy of approximations for moveouts
The analytical moveout equations for P- and shear-waves travelling in a weakly

anisotropic medium can be obtained from the analytical velocity equations. The
moveouts can be separated into hyperbolic moveouts and residuals. Analysis of
numerical results shows the following:

1. For up to 28% PTL-anisotropy, 15% EDA-anisotropy  (crack density = 0.15)
and 11% orthorhombic CLA-anisotropy, the moveout curve of the @-wave can be
modelled approximately by a hyperbola (a straight line in t2-x2 plots) for angles of
incidence up to 20”. A modified moveout equation with an anisotropy residual term
can model the moveout curve for the whole range of offsets up to angles of incidence
of 50”.

2. For any amount of PTL-anisotropy, the moveout curve of the @H-wave is a
hyperbola. For up to 15% EDA-anisotropy  (crack density 0.15) and 11% CLA-
anisotropy, the moveout curve of the @H-wave is still a hyperbola for angles of
incidence up to 20”, and a modified moveout equation is valid for the whole range
of offsets up to angles of incidence of 50”.

3. At 12% PTL-anisotropy, 10% EDA-anisotropy  (crack density 0.10) and 6%
CLA-anisotropy, the moveout of the @V-wave cannot be modelled by a hyperbolic
curve. The moveout initially decreases when offset increases up to angles of inci-
dence of about 15”. This decrease of moveout is caused by the increase of velocity as
offset increases. The modified moveout equation provides a good estimation of
moveouts up to 12% PTL-anisotropy, 10% EDA-anisotropy  (crack density 0.10)
and 6% CLA-anisotropy for angles of incidence up to 50”.

4. The decrease of moveout of &W-waves and the minima in the @V-curves are
good indicators of anisotropy in horizontally layered media, but may be difficult to
observe in real data. The modified moveout equation can improve the estimation of
velocities, and hence improve the results of stacking. Only if the velocity variation of
different types of wave can be properly estimated, can identification of singularities,
amplitude studies and other interpretations of shear-wave anisotropy be carried out
successfully in reflection surveys.

Limitations
The limitations of these approximations are severe.

1. The model for studying the moveout relation consists of only a single planar
interface. This is clearly a poor representation of a realistic subsurface (Levin 1979),
although the critical ideas revealed in this simple case may be also applicable to
more complicated situations.

2. It must also be noted that before multilayering and dipping interfaces can be
addressed, the different effects on shear-waves in reflection surveys caused by aniso-
tropy and by structural variation must also be addressed. In some aspects, the
effects of anisotropic variation and those of structural variation are very similar,
particularly as residual moveouts are concerned.
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Several other studies (Levin 1979; Uren et al. 1990; and others) investigating
transverse isotropy with azimuthal isotropy (Crampin 1989) also have the above
two restrictions. Note that all the vertical planes are symmetry planes in azimuthal
isotropic media and in attempting to treat azimuthal anisotropy further limitations
are introduced.

3. It must also be remembered that the notation qSH- and @I/-waves refers to
waves which have particle motion closest to conventional SH- and W-wave particle
,motion.  In anisotropy, particle motion may deviate significantly from conventional
motion (Crampin 1981),  particularly in off-symmetry planes as shown in Figs 4 and
6.

4. Finally, the resolution of the two split shear-waves into two separate entities,
the qSH- and the @v-wave,  is a severe approximation. The places where the two
split shear-waves appear to intersect, in Figs 2, 4, and 6, for example, are directions
near singularities, where split shear-waves have the same velocities. In transverse
isotropic solids, such as the PTL- and EDA-anisotropies in Figs 2 and 4, respec-
tively, these intersections are line singularities (Crampin 1989), which do not disturb
ray propagation. However, if the transverse isotropy is disturbed in any way, to
produce lower-order symmetry, the line singularities become point singularities
(Crampin 1989) as in Fig. 6, and ray propagation near such directions is disturbed
and may have severe anomalies in amplitude and polarization (Crampin 1991b).

I Sena (1991) investigated approximate traveltime equations in azimuthal aniso-
tropic media with hexagonal symmetry, while this study was being carried out. The
above limitations also exist in Sena’s (1991) paper, and his results are only valid in
symmetry planes, although this was not noted in the paper. In the case of an off-
symmetry plane and orthorhombic anisotropy, these approximations are certainly
severe, as demonstrated in this study. Despite these limitations, these approx-
imations may still be useful for providing guidelines for processing multicomponent
shear-wave data in the presence of anisotropy.

C O N C L U S I O N S

Approximate velocity equations in symmetry planes of weakly anisotropic solids
including orthorhombic symmetry are extended to off-symmetry planes to meet the
needs of real data. The modified equations are good representations of velocity
variations in media having up to significant amounts of PTL-, EDA-, and orthor-
hombic CLA-anisotropy. However, waves in off-symmetry planes suffer more distor-
tion in polarization and phase- and group-velocity than waves in symmetry planes,
and waves in anisotropic media with orthorhombic symmetry also suffer more dis-
tortions than waves in media with hexagonal symmetry.

The moveout of @-, qST/-,  or @H-waves in a CMP gather, or a shot record,
from a single interface of weak anisotropy can be separated into a hyperbolic
moveout and a residual moveout. The residual moveout is proportional to the
amount of anisotropy in the medium concerned and to the spread length of the
acquisition geometry. These equations can aid the processing and interpretation of
multicomponent shear-wave VSP and reflection data in the presence of anisotropy.
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APPENDIX
DERIVATION  OF  MOVEOUT EQUATION

If we let 4 = 0” and 90” in (5), we have:

l/v,” = a, + a, + a2 + a3 + a4 (Al)
and

where v, and vi, are the vertical and horizontal velocities, respectively, for all types of
body waves in Fig. 1.

Substituting (5) into (7) gives:

t2 = 4z2[a, + a, cos 4 + a2 cos2 4 + a3 cos3 4 + a4 cos4 @J/cos” 4
= 4z2(a,/cos2  4 + a2 + a4 cos2 4) + 4z2(a, + a3 cos2 #cos 4. (A3

Note that

22 tan 4 = x

and

l/cos $ = l/(1 - sin2 #I2 = 1 + (sin2 $)/2 + (3 sin4 @)/8

+ (15 sin6 +)/48 + R, , ( w
where R, is the residual error term and, for angles of incidence less than 30”, R, is
less than 0.0014 and can be neglected. (High-order terms may be introduced for
larger angles of incidence.) Note also that sin 4 is the ratio of the spread length of
acquisition geometry to the length of the raypath  and may be called the spread
factor. Substituting (A4) into (A3), omitting the error term R, and making suitable
manipulations, gives

t2 = 4z2(a, + a, + a2 + a3 + a,) + x2(a0 + a,/2 - a,/2 - a,)
+ x2( -a,/2 + a,/2 + a,) sin2 4 + x2(3a, - 5a,)/8 sin2 4

+ x2(-a, + a,)/16 sin4 4 - x2(5a,/16 + a,/4) sin6 4

+ x2(5a3/16) sin’ 4. (A5)

Equation (A5) is a general moveout equation for weak anisotropy which is accu-
rate to the second-order in the amount of anisotropy and third-order in the spread
factor sin 4. It can be further manipulated. First the normal moveout velocity can
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be calculated as

Mno = lim (dt2/dx2) = a, + a,/2 - a,/2 - a4. (A@
X-+0

Substituting (Al), (A2) and (A6) into (A5), and omitting the higher-order terms of
sin4 4, sin6 4 and sin’ 4, gives

t2 = 4z2/v,2 + x2/v;,, + x2(1/v: - l/v,“,3 sin2 4 + x2(3a, - 5a,)/8 sin2 4

= 6 + x2/V,2mo + x2(l/V,2  - l/v,“,3 sin2 4 + tzn sin2 4,
where

t; = 4z2/v,2

and

tj& = x2(3a, - 5a,)/8.

Note that coeffkients a, and a3 are associated with velocity variations in off-
symmetry planes. As discussed previously, if angle a = 0” in (5) is also in a plane of
vertical symmetry, coefficients a, and a3 will be zero. Thus (a,-5a,) must be small
compared to other terms in (A7). Omitting term t& sin2 $ in (A7) gives (8).
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