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Exact solutions for speci�c spatial variations of velocity are known to be very few in number.
Numerical methods are time-consuming, problems arise from the grid dispersion, and these
methods do not allow the study of individual wave modes. Asymptotic Ray Theory (ART)
o�ers a reasonable compromise between accuracy and computational e�ciency. To exploit the
e�cacy of the ART while eliminating its limitations, numerous asymptotic methods have been
developed. Since these methods are all approximate in nature, their validity depends upon the
speci�c model and acquisition geometry being considered.

This paper is aimed at extending the catalog of known closed-form solutions for the wave equa-
tion with no ad hoc assumptions about spatial velocity variations and acquisition geometry.
It modi�es the standard ART by retaining the frequency-dependent terms in the eikonal and
transport equations and avoiding the asymptotic expansion. Firstly, the reduced wave equa-
tion is transformed into the exact transport equation and the generalized eikonal equation of
Zhu (1988) and Foreman (1989). The latter extends the classical eikonal equation to a rapidly
varying medium. It governs the wave propagation with dispersive phase velocity depending
upon the frequency and amplitude. Secondly, phase and amplitude equations are separated
explicitly by using conventional phase-ray coordinates. The amplitude equation is transformed
into a simple 1-D wave equation with constant coe�cient. This gives a complete set of eigen-
functions. A Hamiltonian formalism is applied to solve the separated eikonal equation. This
formalism leads to frequency-dependent phase-ray trajectories associated with the energy �ux
vector �eld or Born-theory wavepaths. It is shown that constant-phase surfaces are associated
with the real part of the frequency-domain Green's function.

According to the superposition principle, any particular solution can be expressed as a linear
combination of the new separated solutions for all possible values of separation constants in real
or complex space. The weighting coe�cients are expressed in terms of given initial/boundary
wave�eld using the orthogonality condition. This is an exact representation because no ap-
proximation has been involved so far. Such a representation describes waves travelling in
all directions (i.e. backwards as well as forwards). It may be regarded as an extension of
the most generally useful integral superpositions such as the phase-ray WKBJ expansion, the
coherent-state transform, etc.

The new solution is notable in that its computer implementation is numerically manageable
even for the case of 3-D velocity pro�les with turning points. It achieves a higher order of
accuracy than asymptotic methods, particularly when their validity conditions are violated.
This applies, for example, in the case where the velocity is not slowly varying, and where
anelastic properties exert strong in�uence over amplitudes and waveforms.


