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Summary

A new theory has been developed which determines
the e�ects of fractures or cracks on the seismic wave
propagation. Fractures may be modeled using in�nite
planes with a linear slip condition giving rise to the
de�nition of macroscopic fracture compliances. Three
kinds of fracture surfaces have been proposed: frac-
ture can either be simulated by planar distributions
of small isolated areas of slip (cracks), or conversely
as planar distributions of imperfect interfacial con-
tacts (rough surfaces), and an alternative is plane sur-
faces separated by thin continuous layers of viscous
uid or a soft material. Using our boundary condi-
tions which give explicit relationship between fracture
compliance and microstructural physical properties of
fracture surfaces, we can compute the fracture compli-
ances for these various models. Fluid ow in fractured
rock can also be included without additional di�culty.

Introduction

Fractures and faults are common in the subsurface of
the Earth's crust, and they control much of the me-
chanical strength and transport properties of the solid
structure. Fractures and fracture systems are also cru-
cial for hydrocarbon production, control and manipu-
lation of water supplies, dispersal of pollutants. Var-
ious theories modeling wave propagation in cracked
rock have been developed. However, a few can model
large fractures and uid ow in fractured rock. Re-
cently, Sayers and Kachanov (1995, referred to as
SK95), and Schoenberg and Sayers (1995, referred to
as SS95) have presented a method of calculating the ef-
fective elastic constants for cracked and fractured me-
dia. Both models based on Hill's (1963) concept of av-
erage strain assume a linear relationship between dis-
placement discontinuity across fractures and applied
stress. SK95 de�ne two tensors (a second-rank ten-
sor and a fourth-rank tensor) to calculate the overall
wave speeds; both are related to the fracture compli-
ance tensors. SS95 use laboratory measurements and
Hudson's (1981) results to estimate the fracture com-
pliance parameters. On the basis of this work they
conclude that it is not possible to distinguish between
microcracks and macrofractures. In a series of papers,
Hudson (referred below) has developed this model fur-
ther which allows di�erent fracture boundary condi-
tions and uid ow e�ects to be included, and in this

paper, we summarize this theory and present some nu-
merical results to demonstrate the usefulness of this
idea.

Elastic compliance of faulted rock

In the presence of fractures and cracks, the average
strain � in an elastic homogeneous solid with volume
V containing Nf fractures with surfaces Sr (r = 1, 2,
...= Nf ) can be written as:

�ij = (s0ijkl + sfijkl)�kl; (1)

where � is the average stress tensor, s0 is the matrix
compliance tensor in the absence of fractures, and sf

is the extra compliance as a result of the fractures.
The additional strain is given by:

sfijkl�kl =
1

2V

NfX
r=1

Z
Sr

([ui]nj + [uj ]ni)dSr; (2)

where [ui] is the ith component of the displacement
discontinuity on th fracture plane Sr, and ni is the ith
component of the fracture normal. If all the cracks
are aligned with a �xed normal n, we may replace
each fracture in V by an average crack each having a
surface area S, and a smoothed linear slip boundary
condition given by:

[ui] = Ziptp = Zip�pqnq ; (3)

where we have assumed that the traction t on the crack
is the result of the imposed stress and crack-crack in-
teractions are neglected. Inserting (3) into (2), and
after some tensor algebra, we obtain:

sfijkl =
Df

4
(Ziknlnj + Zjknlni + Zilnknj + Zjlnkni);

(4)

where we have de�ned Df = 1

H
=

NfS

V
as the the

average number of fractures or joints per unit length.
Therefore, its inverse, H, is the average fracture spac-
ing between adjacent fracture planes. If the fracture
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set is invariant with respect to rotations about n, only
two terms in Z are required (SS95): a normal frac-
ture compliance ZN , and a tangential compliance ZT .
Thus

Zij = ZNninj + ZT (�ij � ninj): (5)

By inserting (5) into (4), we have:

sfijkl =
Df

4
[ZT (�iknlnj + �jknlni + �ilnknj

+�jlnkni) + 4(ZN � ZT )ninjnknl]: (6)

This equation is equivalent to Equation (9) of SK95
and Equation (9) also of SS95. Afterwards, the in-
verse compliance tensor will give the e�ective elastic
constants or sti�ness in terms of two fracture param-
eters ZN and ZT

Fracture models

In order to use equation (6) to compute e�ective elastic
compliance, SK95 de�ne two tensors, one proportional
to ZT and the other to ZN � ZT (a second-rank ten-
sor and a fourth-rank tensor respectively). Both SS95
and SK95 point out that the results are particularly
simple if ZN = ZT .

Three fracture models shown in Figure 1 have been
studied by Liu et al. (1996); Hudson et al. (1996,
1997), who give explicit expressions of ZN and ZT

in terms of physical parameters. Model 1 portrays
a plane distribution of small cracks, Model 2 a plane
distribution of contacts (also studied by White, 1983),
and Models 1 and 2 can be replaced with an equiva-
lent fracture of constant aperture (thickness) (Model
3) with appropriate material in-�ll (see Hudson and
Liu, 1998). The method used to obtain appropriate
fracture boundary conditions is based on results for a
plane fault, consisting of areas of slip and areas of stick
(Hudson et al., 1996b, 1997) allied to the method of
combining the e�ects of parallel slip planes described
by Schoenberg and Douma (1988). The end result is
a model of a cracked material in the form of parallel
faults of arbitrary spacing where the proportion of the
area of each fault which slips and can be compressed
(that is, acts as a crack) is high. In other words, there
is a high density of cracking but the cracks are aligned
in parallel planes.

Fracture modelsFracture models

(1) Plane distribution of small cracks(1) Plane distribution of small cracks

(2) Plane distribution of contacts(2) Plane distribution of contacts

(3) Thin layer of weak material infills(3) Thin layer of weak material infills

2a

2b

d

Figure 1. Schematic illustration of three fracture models.

(a) A plane distribution of small cracks; (b) A plane dis-

tribution of contacts, and (c) A fracture with weak in�ll of

a constant aperture.

Figure 2 shows the variations of normalized elastic
constants c3333 and c2323 with crack density � = �a3 =
�sa3

H
for three di�erent crack size, a to fracture spac-

ing, H, ratio a=H (� is the overall number of cracks per
unit volume). The variations are calculated for model
1 (studied by Hudson et al., 1996b) and for a solid with
the background wave speeds � = 3:5 km/s, � = 2:3
km/s, and density � = 2:6 gcm�3. The cracks are
�lled with water (with acoustic velocity of 1.5 km/s,
density of 1 gcm�3, and viscosity of 0.01 poise) and
have an average aspect ratio of 0.01. Compared with
the equivalent variation for a volume distribution of
small cracks computed using formul� given in Hud-
son (1981, indicated by solid lines), we �nd that both
models give very similar values for c3333, and there
is little variation c3333 with the a=H ratios. How-
ever, the variation of c2323 with crack density shows a
strong dependence on the value of a=H, when a=H is
= 2, the results from both the volume distribution of
small cracks and the plane distribution of small cracks
are similar, but the di�erence between the results from
the two models increases sharply as a=H decreases. In
general, the elastic constants decrease as crack density
increases, as expected.

Similarly for model 2 (studied by Hudson et al.,
1997, also called heavily faulted rock in Hudson and
Liu, 1998), Figure 3 shows the variations of nor-
malized elastic constants c3333 and c2323 for parallel
dry fractures with a plane distribution of small con-
tacts. The variations are plotted against parameter
r = 1 � �w�b2, and b is the average size of contacts,
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and �w is the number of contacts per unit area on
the fracture surface, therefore r can be regarded as
the proportion of the fault face which consists of open
cracks. It is noted that the results are only valid for
small �w�b2, say �w�b2 � 0:2, so that 0:8 � r � 1.
The values of normalized c3333 and c2323 decrease as
r increases, and are strongly dependent on the b=H
ratios. Again as expected, both c3333 and c2323 are
much smaller than those from the plane distribution
of small cracks shown in Figure 2, and both tend to
zero as r! 1 at which point the two faces of the crack
lose all contact.

(a)_ (b)

Figure 2. Variations of normalized (a) c33 = c3333 and (b)

c44 = c2323 with crack density � = �a
3.

(a) (b)

Figure 3. Variation of normalized (a) c33 = c3333 and (b)

c44 = c2323 with the relative area of cracking r = 1��s�b2.

Cracks in a porous medium

The e�ects of movement of interstitial uids within a
cracked solid studied by Hudson et al. (1996a) can
also be included in our theory. Two distinct mech-
anisms are considered: ow through connections be-
tween aligned cracks which are otherwise isolated, and
di�usion into a porous matrix material. These models
are applied to obtain the overall e�ective anisotropic
elastic constants for a medium whose parameters are
deemed geologically realistic. We determine the phase
velocities for seismic waves passing through such an
anisotropic rock and analyse their dependence on the

permeability and the matrix porosity. An example of
body wave velocity variation with the matrix perme-
ability is shown in Figure 4. We �nd that the prop-
erties of qP and qSV waves are very sensitive to the
transport of uids through interconnected pathways.
The limit of zero ow is equivalent to isolated uid-
�lled cracks (Figure 4a), the opposite extreme of free
ow is that of dry or gas-�lled cracks (Figure 4d). The
transitional behavior is apparent from the variation
over a range of permeabilities that encompasses those
of typical oil and gas bearing lithologies (the perme-
ability of `good' oil-bearing rocks is generally between
the order of 1 to 1000 mD). A similar variation with
porosity is also expected, but not shown here.
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Figure 4. Variation of three body wave phase velocities

with azimuths for di�erent permeability in a porous matrix

modeled.

A criticism of Hudson's early model is that for thin
cracks with a vanishing aspect ratio qP-waves travel
across the crack face at the same speed as in a paral-
lel direction for the saturated case (i.e. Rathore et al.,
1995). In the new model (Figure 4), it can be seen that
as the permeability departs from zero the qP-velocity
decreases in a direction perpendicular to the crack
faces, which is expected as there is a higher impedance
to wave motion. In Figure 5 we compare the measured
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velocities by Rathore et al. (1995) with various the-
oretical predictions, and clearly a crack model which
includes a background porosity produces a good �t to
velocities observed in the laboratory data.
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Figure 5. Comparison of the measured data (Rathore et

al., 1995) with various theoretical predictions.

Conclusions

We have developed a uni�ed theory for the predic-
tion of seismic anisotropy of fractured rock. Various
fracture models including cracks in a porous medium
can be included. The boundary conditions for mod-
els (1) and (2) were derived for small distribution of
cracks, however, comparison with result claimed to be
valid for large crack concentration, it appears that the
theory presented in this paper is valid for large crack
density (upto 0.5). The introduction of uid ow ei-
ther through interconnected cracks or a porous ma-
trix tends to weaken the rock. We show that there is
a strong dependence of seismic velocity with perme-
ability and there is a large e�ect on the rock's elastic
properties even though the volume occupied by the
cracks and pores may be small. The degree of uid
saturation strongly controls the velocity (and attenu-
ation) of seismic waves. The resulting azimuthal P-
wave anisotropy is clearly much larger than from the
isolated crack model, and is expect to be observable in
reection seismic data. The uid ow between cracks
or through pores is also strongly dependent on the
crack size and frequency. There is a possibility of in-
verting for permeability and porosity although there is

a trade-o� with the mean aspect ratio if only P-wave
data are analysed.
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