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summary

A similarity between various approaches for determining the
effects of fractures or cracks on the seismic wave propagation
is found. Fractures may be modeled using infinite planes with
a linear slip condition giving rise to the definition of
macroscopic fracture compliances. However, natural fracture
surfaces can also be simulated by planar distributions of small
isolated areas of slip (cracks), or conversely as planar
distributions of imperfect interfacial contacts (rough surfaces).
An alternative is plane surfaces separated by thin continuous
layers of fluid or a soft material. Using these boundary
conditions, the fracture compliances are computed for these
various models. Consequently, it is possible to relate the
measured compliances directly to the microstructural details of
the fracture given appropriate a priori information on the
fracture surfaces.

Introduction

Recently, Sayers and Kachanov (1995, referred to as SK95),
and Schoenberg and Sayers (1995, referred to as SS95) have
presented a method of calculating the effective elastic constants
for cracked and fractured media. Both models based on Hills
average strain idea (see Hudson and Knopoff, 1989) assume a
linear relationship between displacement discontinuity across
fractures and applied stress. SK95 define two tensors (a second-
rank tensor and a fourth-rank tensor) to calculate fracture
compliance, Z, and SS95 use laboratory measurements and
Hudson’s (198 1) results to estimate the fracture compliance
parameters. On the basis of this work they conclude that it is
not possible to distinguish between microcracks and
macrofractures.

The purpose of this paper is two-fold: firstly to show that
several different fracture models can be cast into a unified form,
and secondly to show that the fracture compliance tensor, 
can be related to the microstructure of the fracture planes. We
consider fracture planes modeled as: (a) a planar distribution of
small, isolated areas of slip (cracks);  a planar distribution of
imperfect interfacial contacts; and (c) an ideal open fracture
with weak material infill. Models (a) and  are derived from
the belief that natural fracture surfaces may be simulated by
groups of small cracks-like features. The boundary conditions
for models (a) and  were obtained recently by Hudson et al.
(1996a, b), and are similar to those of Murty (1976) and Pyrak-
Nolte et al. (1990). Here we shall present a consistent model in
which Hudson et al’s (1996a, b) boundary conditions are
directly used in the formulae of SK95 and SS95 to compute the
fracture compliance,  The major advantage of this theory is
that unlike earlier empirical models of fractures, the parameters
involved are directly related to the details of the microstructure

of the fracture planes.

Basic equations

In the presence of fractures, the average strain  in an elasticIn the presence of fractures, the average strain  in an elastic
homogeneous solid cube with length L and volume Vhomogeneous solid cube with length L and volume V
containing  fractures with surface   =  .   can becontaining  fractures with surface   =  .   can be
written as:written as:

  

(SK95) where  is the average stress tensor,  is the matrix(SK95) where  is the average stress tensor,  is the matrix
compliance tensor in the absence of fractures, and  is the extracompliance tensor in the absence of fractures, and  is the extra
compliance as a result of the fractures.compliance as a result of the fractures.The additional strain canThe additional strain can
be computed by (Hill’s average, see Hudson and Knopoff, 199 1;be computed by (Hill’s average, see Hudson and Knopoff, 199 1;
and and 

     f
 

where  is the  component of the displacementwhere  is the  component of the displacement
discontinuity on  and  is the  component of the fracturediscontinuity on  and  is the  component of the fracture
normal We assume that all  in V are identical with each
having a surface area S, and a linear slip boundary conditionhaving a surface area  and a linear slip boundary condition
given by:given by:

    

Inserting (3) into  and after some tensor algebra, we can
obtain:

f
  =    l (4)

  

or the fracture-induced excess compliance  is:or the fracture-induced excess compliance  is:

  Z n n 
4 ip q j+  q

  

where we have definedwhere we have defined

  Nf  Nf

as the fracture density, i.e. number of fractures  per length L.
We consider that all fractures are parallel, and aligned withWe consider that all fractures are parallel, and aligned with
normals along the n direction. These fractures are invariant
with respect to rotations about n. Following SS95, only twowith respect to rotations about n. Following SS95, only two
terms in  are required: a normal fracture compliance  andterms in  are required: a normal fracture compliance  and
a tangential compliance a tangential compliance 
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By inserting (7) into (4), we have:

f 
  + 

+  +  I l
(8)

This equation is similar to Equation (9) from SK95 Afterwards,
the inverse compliance tensor will give the effective elastic
constants or stiffness in terms of two fracture parameters  and

In order to use equation (8) to compute effective elastic
compliance, SK95 define two tensors (a second-rank tensor and
a fourth-rank tensor), and SS95 use Hudson’s (198 1) results.
The macroscopic fracture compliance must be determined from
experimental measurements. We shall consider three fracture
models of which two have been studied by Hudson et al.
(1996a, b), who give explicit expressions of  and  in terms
of physical parameters.

Fracture modeled as a planar
areas of slip or cracks

distribution of small isolated

Following Hudson et al. (1996a), a fracture is modeled as a
planar distribution of small isolated areas of slip with a circular
shape of radius a. The fracture compliance are:

 (9)

   

where  is the number of cracks  per area S. Higher order
terms in crack density have been ignored.  and  are given
by Hudson (198 1) for cracks filled with weak materials. Hudson
in a series of papers [starting with Hudson  has derived
expressions for  and  for a range of crack models, such as
dry cracks, cracks filled with fluids or weak materials or with
partial saturation, and fluid flow between interconnected cracks
in a porous medium.

Inserting (9) and (10) into (8), we can obtain the following for
fracture-induced excess compliance:

+  + 
1

where by definition,  is:

 

 is the number of cracks  on the fracture surface S, where
it should be noted that the total number of cracks  in the
volume V is

where  is number of fractures defined in (2). Letting

 N f   
LS 

be the crack density
becomes

then the excess compliancein (11)

The inverse compliance tensor from (15) will give
elastic constants to  in crack density.

For dry cracks, Hudson (198 1) gives:

 
4 - -  
3 

  

the

 --. 16 l-o
3 3 2-a

It follows that by inserting (16) and (17) into (9) and  we
have:

 1  
4 2 ’

where  is the Possion’s ratio for the matrix rock,  =
  and  are  constants. Equation (18) was.

used by SS95 and SK95 to justify their assumption of  = 
(as  is very small, and typically  =  0.25).
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Fracture modeled as aplanar
facial contacts or roughsurface

distribution of imperfect

In contrast to the model described above, when a fracture is
simulated as a planar distribution of imperfect interfacial
contacts (assuming contact areas are in a circular shape with an
average radius of a), this model has been used in the past by
several authors (for example, White, 1983; Yoshioka, 1994).
Similar boundary conditions can also be obtained (Hudson et al.,
1996b), which is again to fast order in number density of
contacts. This gives:

 

  +  

 l-o
   

where  is the number density of contacts, i.e. number of
contacts  on the surface   =  Equations (19) and
(20)  identical to White’s Equations (3-59) and (3-55) for the
rough surface fracture model based on Hertz contact theory
except the term of the number density  Inserting (19) and
(20) into  we obtain:

where we define

 
 

 

 and  can be regarded as the volume and surface density
of contacts, respectively, i.e.  is number of welded contacts

 with a radius a in volume V, and  is number of contacts
 with a radius a in area S. In contrast to equation  we

find that effective excess fracture compliance now depends on
both the volume and surface density of contacts. Similarly,
inversion of compliance in equation (21) will give effective
excess fracture stiffness.

Note that from (19) and  we find:

 l - o
=  al2 

which is again in agreement with that of White (1983) as cited
in 

Fracture modeled
soft material

as thin,continuouslayer filled with a

This fracture model is often used to model hydraulically-induced
 Using mathematical algebra it is possible to derive the

following expressions:

d
 --

 --
/ J f ’

where  and  are the Lame constants,  is the viscosity of
fracture  material,  is the fracture aperture (which is
assumed to be infinitesimally small), and  is frequency.
Similarly, Inserting (25) and (26) into  the fracture-induced
excess compliance can be obtained.

If the fracture is dry, both  and  tend to infinity as  and 
are zero, and in this case, the fracture behaves as a free surface.
On the other hand, if the fracture is  with liquid,  is
usually much smaller than  as  is much larger than 
(which is usually zero).If fracture is filled with weak solid, we
have:

f

 +    

If we assume  = 0, the above equation becomes

  

   

where  and  are the  and S-wave velocities of the
Clearly, the assumption of  =  is not usually

valid for this fracture model.

It is worth pointing out that the boundary conditions for the first
two fracture models can be put into a similar form as equations
(25) and (26) above, so that these two models can be replaced
with an equivalent layer with an appropriate thickness and bulk
and shear-moduli for the crack-infill (Hudson et al., 1996a, b).
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Discussion and conclusions

We have presented analytic expressions for excess fracture
compliance,  of media containing three styles of fracture
surface conditions. From equations (18) and (24), we find that
for the first two fracture models, the assumption of    is
generally held as Possion’s ratio  is small (around 0.1 to 
and the resultant fractured medium is called scalar-fracture
system by SS95. However,for the third model - open fractures
filled with a weak solid material, the assumption of    is
not valid. These fracture compliances may be regarded as
macroscopic parameters to be determined by experiment. Given
appropriate a priori information on the fracture surface model,
it should then possible to infer microstructural detail. Other
more complicated boundary conditions involving aligned
microstructural components may also be considered in this
way, again by linking Hudson’s theory to the notion of
compliances.

To some degree, natural fracture systems may not be consistent
with conformal equivalent medium theory. They do not appear
as dilute, randomly spaced, disconnected ideal shapes, nor are
they weak scatterers.In contrast, they appear with spatial
clustering, and a distribution of scale lengths and regularity
(MacBeth, 1995b). They possess a degree of connectivity
between different scales, and discontinuous clustering or
fragmentation reflecting past historical conditions, local
geological weakness, and composite lithology. These restrictions
should be borne in mind when applying the above theories, and
considering future extensions to this work. Model 1 is valid for
small crack density   0.1) and model 2 is valid for small
density of welded contacts   0.1). As for model 3 (a thin
layer filled with weak materials), the assumption of non-
interacting fracture systems in the formulae of SK95 and SS95
does not hold as multiples between fracture planes are not
considered. The weak assumption is generally believed to hold
for crack density up to about 10% (Crampin, 1984), despite the
fact that SK95 has used crack density up to 0.5.This is critical
to most equivalent medium theories, and may be related to the
onset of significant multiple scattering (MacBeth 1995a). There
is a requirement to understand the relationship between
apparent anisotropy and the fracture density, which will change
for larger fracture densities at the onset of multiple scattering or
at the point of fracture criticality indicated by Crampin (1994).
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