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Summary 

Recently, the petroleum industry has shown an increasing 

interest in fractured reservoirs. Aligned fractures in the 

form of fracture swarms or fracture corridors can induce 

azimuthal anisotropy in rocks. The aim of this paper is to 

investigate the seismic signature of the fracture-induced 

anisotropy and invert for the fracture parameters from these 

characteristics. Firstly, we study fracture-induced HTI 

anisotropy based on elastic synthetic data where a periodic 

variation of the events in an azimuthal gather is observed. 

Then, we quantify the strength of fracture-induced HTI 

anisotropy using the velocity ratio R of NMO velocity to 

vertical velocity. (Under the assumption of elliptical 

anisotropy, the NMO velocity equals the horizontal 

velocity along the symmetry axis of a HTI medium). 

Further, based on the theory of waveform inversion, we 

propose an efficient method to invert the velocity ratio. 

Also, according to the equivalent medium theory, we build 

the connection between the velocity ratio R and fracture 

density in terms of gas-saturated cracks and fluid-saturated 

cracks, which allows us to estimate the fracture density. 

Finally, this method is verified by applying it to three data 

sets: two elastic synthetic datasets with fracture-induced 

HTI anisotropy for gas-saturated cracks and fluid-saturated 

cracks respectively, and real data from a physical model 

with aligned fractures.  

  

Introduction 

With the increasing demand for hydrocarbons, and 

declining oil and gas reserves, fractured reservoirs have 

attracted much attention from the petroleum industry. The 

presence of natural and induced fractures in reservoir rock 

can significantly enhance oil and gas production. On the 

other hand, it brings new challenges to the oil industry in 

terms of anisotropic velocity model building and imaging. 

The main purpose of this paper is to investigate the seismic 

signature of fracture-induced anisotropy and to propose an 

efficient method of waveform inversion to estimate the 

fracture densities. 

 

Anisotropy in rocks can be induced by the presence of one 

or more sets of aligned fractures, which makes the 

underground seismic responses more complex. Equivalent 

medium theories were introduced for predicting the elastic 

properties of fractured media where the scale of the 

fractures is much less than the seismic wavelength. Hudson 

(1980, 1981) wrote two very important papers on the 

overall properties of cracked rock, which link their 

effective properties to crack density. Based on linear slip 

theory, Schoenberg (1980) also developed another 

equivalent medium theory, which predicts extra compliance 

of fractures. Tsvankin (1997) introduced Thomsen’s 

parameters to HTI media while Bakulin (2000) deduced the 

expression of the linear relation between Thomsen’s 

parameters and fracture density.  

 

In this paper, we study seismic features of the fracture-

induced anisotropy and propose an efficient strategy of 

waveform inversion for estimating fracture density based 

on the assumption of elliptical anisotropy. This method is 

verified via both synthetic data and real data collected from 

physical modeling. Further, both accuracy and feasibility 

are discussed at the end of this paper.  

 

Fracture-induced anisotropy 

The presence of one or more sets of aligned fractures 

induces anisotropy in rocks. Under the weak anisotropy 

assumption, Bakulin (2000) gives the explicit expression of 

anisotropy parameters in the vertical plane [x1, x3] which 

is perpendicular to the fracture orientation: 

For gas-saturated cracks, 
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Where    〈  〉 stands for the crack density,   is the 

number of cracks per unit volume,   is the aspect ratio and 
〈 〉 denotes volume averaging (Hudson, 1980); and g is 

defined as the square of the ratio of S-wave velocity to P-

wave velocity, 

  
 

    
 

  
 

  
  

And, the anellipticity 
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Therefore, the wave front of the P-wave wavefront is 

approximately elliptical in the symmetry plane [x1, x3] (see 

the blue solid line in figure 1). 

 

For fluid-saturated cracks, 
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and the anellipticity 
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In this case, the P-wave velocities along each symmetry 

axis (incident angle = 0° or 90° ) are equal (see three red 

lines in figure 1). The lowest velocity appears at 45° 

incident angle. 
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For the vertical plane out of the symmetry plane [x1, x3], 

the equivalent anisotropy parameters are a function of the 

azimuthal angle (Tsvankin, 1997), 
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Figure 1 illustrates the variation of P-wave velocity with 

azimuthal angle and incident angle, while Figure 2 shows 

the variation of anisotropic parameters with azimuthal 

angle. From these curves, we observe a constant decrease 

of P-wave velocity with incident angles for gas-saturation. 

However, in the fractured media with fluid saturation, the 

maximum velocity variation appears at 45° incident angle. 

Moreover, see the solid line in figure 2, the anellipticity   

of decreases monotonously along the azimuthal angle 

 ( )      ( ) . For dry cracks (dash line in figure 2), the 

anellipticities   equal zero in azimuths 0° and 90°. In order 

to confirm the conclusion above, Figure 3 and 4 illustrate 

wavefront snapshots in HTI media induced by gas-

saturated cracks and fluid-saturated cracks, respectively. 

 

Acoustic wave propagation for elliptical anisotropy 

Alkhalifa (2000) gives the acoustic wave equation for VTI 

media, 
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where  

 (       )  ∬ (       )       

Setting     yields the acoustic wave equation for 

elliptically anisotropic media and, rotating the coordinate 

axis, we have the acoustic wave equation for elliptically 

HTI media: 
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or 
   

   
       

    

   
  

   

   
   in 2D  (13) 

where R=VNMO/VP0 is the velocity ratio of NMO velocity to 

vertical velocity (Note that, under the assumption of 

elliptical anisotropy, the NMO velocity is equivalent to the 

horizontal velocity in the direction perpendicular to the 

fracture orientation) and   
               . As 

shown in equation 12, only one more parameter is 

introduced for approximating the HTI anisotropy which has 

five independent parameters. It will reduce the 

computational cost dramatically while losing little accuracy.  

For HTI media, only two velocities are used, instead of 5 

independent elastic parameters. The computation is slightly 

longer than the isotropic one. 

 
Figure 1. Variation of P-wave velocity with azimuthal angle and 

incident angle. The three red lines represent the P-wave velocities 

in fluid-saturated cracks, while the three blue lines represent the P-
wave velocities in gas-saturated cracks. The solid, dash and dot 

lines show the velocities in the vertical plane with 0°, 45°, and 

90°azimuthal angles, respectively. 

 
Figure 2.  Variation in anellipticity   with azimuthal angle in 
fracture-induced HTI media for gas-saturation (dash line) and 

fluid-saturation (solid line) 

 
Figure 3. Wavefront snapshots in HTI media induced by gas-

saturated cracks in vertical plane at azimuths 0°, 45°, and 90°. 

 
Figure 4. Wavefront snapshots in HTI media induced by fluid-

saturated cracks in the vertical plane at azimuths 0°, 45°, and 90°. 
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Figure 5. Workflow of waveform inversion for elliptical anisotropy 

 

Theory of waveform inversion for elliptical anisotropy 

The method for estimating the fracture density includes two 

steps: (1) Inverting the velocity ratios of NMO velocity to 

vertical velocity  (  
 ) ,  (  

 ) and  (  
 )  in arbitrary 

vertical planes with azimuths   
 ,   

  and   
  by applying 

the elliptically anisotropic acoustic wave equation 

(equation 12) into conventional inversion method. The 

workflow is shown in figure 5. Then, since the velocity 

ratio yields the elliptical azimuthal anisotropy, the 

minimum velocity ratio R and its azimuthal angle    can be 

calculated, which reflect the strength of fracture-induced 

anisotropy and indicate the fracture orientation 

(perpendicular to  ), respectively. Alternatively, if the 

fracture orientation is given, the velocity ratio R can also be 

calculated from the estimated  (  ) for arbitrary azimuth 

(except the direction of the fracture orientation) via 

equation 13. 
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     (    )      (    )  (13) 

 (2) Calculating the fracture density e from estimated R. 

According to the equivalent medium theory, we build the 

relation between velocity ratio R of NMO velocity to 

vertical velocity, fracture density e and azimuthal angle:  

for gas-saturated cracks, 
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and for fluid-saturated cracks, 
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which is a straightforward linear transition. 
 

Implementation 

(1) Synthetic data of layered model with one HTI media 
As shown in figure 6, this model includes three flat layers. 

The top layer and bottom layer are isotropic, and the model 

parameters are given as: Layer One: Vp=3500m/s, 

Vs=1800m/s, ρ=1.8g/cm3; Layer Two: Vp=4500m/s, 

Vs=2200m/s, ρ=2.2 g/cm3. The parameters of the isotropic 

background medium in the middle are given as: 

Vp=4000m/s, Vs=2000m/s, ρ=2.0 g/cm3. There are a set of 

aligned vertical fractures in the second layer with fracture 

density e=0.075 for gas-saturated fractures and e=0.375 for 

gas-saturated fractures. Since the seismic responses of gas-

saturated fractures and fluid-saturated fractures are 

different, we generated two synthetic datasets separately for 

each kind of fracture inclusions. The 3D anisotropic elastic 

wave equation is used for the wave propagation, which is 

more realistic than the acoustic equation. Figure 7 shows 

the variation of the target event with azimuth angle, from 0° 

to 360°. The azimuth gathers of gas-saturated cracks and 

fluid-saturated cracks are similar at 1400m offset. But, for 

far offset (2900m), the variation for dry cracks is more 

dramatic than that for the fluid saturated cracks. 

 
Figure 6. The three-layered model with one fracture-induced HTI 

medium in the middle. 

 

 Gas saturation Fluid saturation 

O
ff

se
t=

10
0m

 

  

O
ff

se
t=

1
4

0
0

m
 

  

O
ff

se
t=

2
9

0
0

m
 

  
Figure 7. The comparison of their azimuthal gathers between the 

media with gas-saturated cracks (left column) and fluid-saturated 
cracks (right column) in offset: 100m, 1400m and 2900m from top 

to bottom. 

 

 Gas-saturation Fluid-saturation 

Azimuth 0° 45° 0° 45° 

Rtrue 0.775 

Rinv 0.776 0.776 0.831 0.794 

Error 0.1% 0.1% 7.2% 2.5% 

etrue 0.075 0.375 
einv 0.0746 0.0746 0.2901 0.3461 

Error 0.5% 0.5% 22.6% 7.7% 

Table 1. The inversion results for gas-saturated fractures (e=0.075, 

R=0.775) and fluid-saturated fractures (e=0.375, R=0.775) 

 

Fractured Medium 

Azimuth=0° 

Azimuth=45° 

Azimuth=90° 
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Then we estimate the fracture density for each situation by 

applying the waveform inversion strategy mentioned above. 

The inversion results are shown in table 1. Since the 

medium with dry cracks yields elliptical anisotropy, the 

inversion results are satisfied. However, for fluid saturated 

cracks, the error is up to 22.6%.  According to figure 2, the 

anellipticity  ( )  decreases with azimuth, therefore the 

error of inversion decreases with azimuth (see the inversion 

results for the fluid-saturated medium in table 1). 

 

(2) Realistic data from physical modeling 

Furthermore, we implement our inversion strategy on a real 

dataset. As shown in figure 8(a), the top and bottom layers  

of the basic model are made of the same isotropic material 

(Epoxylite). The middle layer is constructed from a special 

industrial material which is azimuthally anisotropic (HIT 

medium). The model is constructed with a scale of 1:10000 

for spatial dimensions and time measurements, with a 

velocity scale of 1:1. This model also consists of a thick 

water layer of 1470m above the basic model (see the first 

layer in figure 8(a)). The velocities and acquisition are also 

illustrated in figure 8. The measured velocity ratio R of 

NMO velocity to vertical velocity is 0.71. More details of 

this physical model are given in Qian (2009)’s thesis. By 

implementing the waveform inversion for elliptical 

anisotropy, we estimated the velocity ratio R=0.72, with 

1.4% error. Figure 9 shows the comparison of the target 

events between the real shotgathers of physical model, the 

initial isotropic model and the model with estimated 

velocity ratio. The red dash lines indicate the actual pattern 

of the target event for this physical modeling data. The 

wavefronts of the initial model and the estimated model are 

shown in figure 10. 

 

Discussion and Conclusions 

In conclusion, the waveform inversion method proposed in 

this paper can invert the velocity ratio R of NMO velocity 

to vertical velocity efficiently, since only one more 

parameter is introduced for wave propagation in elliptical 

HTI media, compared to the isotropic wave equation.  

Furthermore, the inversion result for fractured media with 

gas-saturation is reliable because its velocity variation with 

incident angle and azimuthal angle yields an elliptical 

assumption. However, the inversion result for fluid 

saturation is not as good as the former, especially for data 

with small azimuthal angles and large incident angles. In 

this case, the result of waveform inversion at larger 

azimuths provides a more accurate result for lower 

anellipticity.  

 

In terms of the transition from velocity ratio R to the 

fracture density, the theory works well for synthetic data. 

However, because the fracture patterns are various and 

complex, the theoretical linear transition under the 

assumption of penny-shaped cracks sometimes cannot 

obtain an accurate fracture density. Fortunately, the relative 

values of velocity ratio or fracture density still allow us to 

evaluate the strength of fracture-induced anisotropy semi-

quantitively. Combined with more information from wells, 

this method even gives us an opportunity for estimating the 

fracture density quantitively. 
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(a)Physical model                  (b) Acquisition 

Figure 8. Physical model and its acquisition 
 

(a)  

(b)  

(c)  
Figure 9. Comparison of the target events between the real 

shotgathers of the physical model, the initial isotropic model and 

the estimated model with velocity ratio 0.72. 

          
          (a) Isotropic         (b) Elliptically anisotropic (R=0.72) 

Figure 10. Comparison of the wavefront between the initial 

isotropic model and the estimated model with velocity ratio 0.72. 


