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SUMMARY

We invert for fracture properties using a model-based inversion
method. We calculate orthogonal optimal basis functions for
azimuthal AVO by the singular value decomposition of a group
of modelled realizaitons of the reflection coefficient. The mod-
elled reflection coefficients are computed for different fracture
densities and a level of uncertainty in the velocities and densi-
ties used.
We apply the method to surface seismic recorded from a
laboratory-scale physical geological model. This approach has
the advantage of knowing the physical properties and the struc-
ture of the subsurface under study while using data acquired
with techniques for field 3D surface seismic. The inversion
works well within a certain offset range. A more accurate re-
sult is obtained when less uncertainty (smaller standard devia-
tions) are used in the velocities and densities of the modelled
reflection coefficients.

INTRODUCTION

Over the last two decades many studies have been published
both on fracture characterization from seismic data (surface
seismic and VSP) and on theories that describe the effect of
fractures in wave propagation. However very few studies have
been published on fracture studies from physical earth models
(Wang et al., 2007). The geological model and seismic data
set used here were acquired by the Geophysical Key Lab from
China University of Petroleum.

Azimuthal AVO (AVOZ) has become an important tool in the
study of fractures, particularly through linearized approxima-
tions (Rüger, 1997) that relate the azimuthal variation in the
P-wave AVO gradient to the anisotropic parameters γ and δ .
Furthermore, Bakulin et al. (2000) substitute the relationship
between the anisotropic parameters and fracture density into
the approximation by Rüger (1997), thus solving for the AVOZ
response as a function of fracture density. A limitation of these
approximations is that they are valid for angles of incidence
smaller than the critical angle. The inversion method presented
here is based on modelling of the exact AVOZ response thus
overcoming the far offset limitations, with the compromise of
requiring prior knowledge of the velocities and densities of the
background rock.

BACKGROUND

The works that have most influenced our approach are those
of Causse and Hokstad (2005), Causse et al. (2007a), Causse
et al. (2007b), Riede et al. (2005) and Saleh and de Bruin
(2000). Causse and Hokstad (2005) developed a method to
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Figure 1: Diagram of physical geological model (Figure modified from Wang et al. (2007)).
The numbering on the right corresponds to the interface number.

improve the accuracy of the estimated AVO intercept and gra-
dient by constructing a set of optimal basis functions through
singular value decomposition. They developed the method in a
different context, for corrections to non-hyperbolic travel-time
and applied it to AVO for a more precise calculation of inter-
cept and gradient. Riede et al. (2005) and Causse et al. (2007a)
used the same principles and applied them for classifying pore
fluids and lithological facies from AVO.

Our method uses optimal basis functions to describe the az-
imuthal AVO (AVOZ) response. The principles of the method
were presented by Varela et al. (2007) in a numerical study.
Here we present the first application of this method to non-
synthetic data.

METHOD: AVOZ WITH SVD FOR FRACTURE INVER-
SION

The method uses the general approach that the reflection co-
efficient versus offset and azimuth can be written as the sum
of orthogonal basis functions multiplied by coefficients. For a
fixed angle of incidence i, we then have,

Ri(φ) = c1iF1(φ)+ c2iF2(φ)+ c3iF3(φ)+ . . . (1)

where φ is the azimuthal angle, F1, F2, F3 etc, are the basis
functions and c1, c2, c3 etc, the multiplying coefficients. The
advantage of this approach being that we can find a set of ba-
sis functions such that the multiplying coefficients are related
to the fracture properties at the interface and allow for their
inversion.

Furthermore, given an optimal set of basis functions we can
get a good approximation of the reflection coefficient with just
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a few functions. When using the first three basis functions for
a fixed angle of incidence i, expanding on the azimuthal angle
and using a matrix form we then have,
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(2)
or in a more compact form,

R≈ FC

Given the measured reflection coefficients for a wide range of
azimuths, a certain offset i, and the basis functions F we can
then calculate the coefficients c1, c2 and c3 with,

C ≈ (FT F)−1FT R (3)

Realizations of reflection coefficients
In order to find the basis functions, we create a set of realiza-
tions of the reflection coefficient under study. We give a nor-
mal distribution to the the rock properties of the layers above
and below the interface, draw random realizations from these
distributions and calculate the reflection coefficient for differ-
ent azimuths and angles of incidence. We repeat this step for
several realizations and different values of fracture density. We
then accommodate the resulting reflection coefficients in a ma-
trix R̄ such that every row has a different azimuthal angle and
every column a different realization/angle of incidence.

Optimal basis functions
We can then calculate the singular value decomposition on ma-
trix R̄ (containing the modelled reflection coefficients) such
that,

R̄ = FDV T (4)

Furthermore if we let C̄ = DV T then we have the desired de-
composition such that,

R̄ = FC̄ (5)

where the basis functions F are then the normalized eigenvec-
tors or R̄R̄T , and the coefficients from matrix C̄ are related to
the modelled fracture density.

We can now use the basis functions Fi to approximate the mea-
sured reflection coefficients R by finding c1, c2 and c3 with
equation 3. We can invert for fracture density from the rela-
tionship between c1, c2 and c3 and C̄ -as C̄ holds a relationship
with the modelled fracture density of the realizations in R̄.

THE LABORATORY-SCALE EARTH MODEL

The physical earth model consists of several horizontal isotropic
layers made of an Epoxylite material with a fractured layer in
between them. The model was acquired at a scale of 1:10000∗,
with the frequencies also scaled up by 10000:1. From here on-
wards we will refer only to the scaled up dimensions of the
model.

∗1mm of the physical model is 10m
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Figure 2: Acquisition geometry of source and receiver locations. a)The black dots show the
CMP’s of the supergather used, the blue lines connect the source and receivers for one CMP of
the supergather. b) sorting by common-offset for an offset bin of 1760m. c) Azimuth versus
offset of the supergather. The red circles correspond to the CMP bin selected in a). d)Ray
paths for the reflections at the top of the fractured layer for the supergather.

Figure 1 shows the layout and geometry of the model (on the
XZ plane) with the numbers on the right referring to the inter-
face or seismic reflection. The whole model is submerged in a
water tank, under a 10 meter thick water layer where the source
is shot. There are four layers, three of which are isotropic. The
P- and S-wave velocities, density and thickness of each layer
are listed in Figure 1. We analyse the reflection from inter-
face 2 between the isotropic layer 2 overlying the fractured
anisotropic layer 3.

The material of the anisotropic layer is a set of expoxy bonded
fibre sheets that simulate vertical fractures with high azimuthal
P-wave and S-wave anisotropy of 20%, and a fracture density
of 0.2. The elastic constants of this layer, measured by Wang
et al. (2007), exhibit a weak orthorhombic symmetry and are
given by,

CORT
i j =

0
BBBBB@

12.7040 7.8650 8.1990 0 0 0
7.8650 19.2330 9.3200 0 0 0
8.1990 9.3200 22.1620 0 0 0

0 0 0 5.8580 0 0
0 0 0 0 3.2990 0
0 0 0 0 0 3.2190

1
CCCCCA

(6)

Data extraction and sorting
We work with a portion of the entire 3D seismic data set, a
supergather with common midpoints (CMP’s) at the center of
the model to maximize the offset and azimuth† spread of the
data used. Figure 2a shows all the CMP’s used. Figure 2c
shows the offset azimuth spread for the supergather.

†The azimuths for Figure 2c and throughout this paper are measured as arctan( gy−sy
gx−sx ),

where (gx,gy), and (sx,sy) are the coordinates of the geophones and source locations respec-
tively.
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We sort the data into common offset gathers grouping them ev-
ery 50m from 160m to 1960m. The range of offsets for the su-
pergather vary from 161m to 2008m. The source and receivers
that are live for a common offset bin of 1760m are shown in
Figure 2b. For a more detailed description of the acquisition
process and parameters of this data set see Wang et al. (2007).

BUILDING ROCK MODELS A & B

We use the Chapman (2003) poroelastic theory to calculate the
elastic constants of the fractured layer with different fracture
densities.

We create two groups of realizations of the reflection coeffi-
cient, referred to as models A and B. For each group we vary
the standard deviation of three parameters in each layer: P-
wave velocity, S-wave velocity and density. We assign a nor-
mal distribution to each one of these rock properties with the
means and standard deviations listed in Table 1. The mean for
each of these properties will remain the same in both models,
and the standard deviations are smaller for Model B.

V p± std (m/s) V s± std (m/s) Density ±std (gr/cc)

Model A Top layer 2737.3±50 1002.8±50 1.15±0.05
Fractured layer 4139.4±50 2058±50 1.447±0.05

Model B Top layer 2737.3±10 1002.8±10 1.15±0.01
Fractured layer 4139.4±10 2058±10 1.447±0.01

Table 1: Mean and standard deviations for distribution of rock properties used to create real-
izations of models A and B. The properties listed here are those of the unfractured rock.

Modelled reflection coefficients
The two groups of reflection coefficients are calculated as fol-
lows,

1) Let the modelled fracture densities have a uniform distri-
bution starting at 0 until 0.3 in steps of 0.01, for a total of 30
entries. 2) Let the angles of incidence have a uniform distribu-
tion starting at 1o until 55o in steps of 1o, and the azimuths go
from −180o every 1o until 180o.

3) For each fracture density draw a realization from the P-
wave, S-wave and density distributions of the top and the bot-
tom layers and calculate the resulting reflection coefficient.
Repeat this step 20 times (drawing a different realization each
time) for the same value of fracture density, azimuth and angle
of incidence.

4) Accommodate the resulting reflection coefficients in a ma-
trix R̄ such that every row has a different azimuthal angle and
every column a different realization/angle of incidence. Ma-
trix R̄ has then 361 rows (equal to the number of azimuths) and
33000 columns (number of angles of incidence (55)× number
of fracture densities (30) × number of realizations (20)).

The resulting realizations for three different angles of inci-
dence are shown in Figure 3, where as the angles of inci-
dence increase, the anisotropic effect from the fractures be-
comes stronger.

OPTIMAL BASIS FUNCTIONS

We calculate the singular value decomposition of matrix R̄ for
both models A and B. The singular values for Model A are
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Figure 3: Modeled reflection coefficients using random variables from realizations drawn
from Table 1 for Model A. Blue, cyan and red curves correspond to low, medium and high
fracture densities respectively.

shown in Figure 4b. The resulting optimal basis functions for
model A are shown in Figure 4a, where it is obvious that as
the index of the basis function increases so does its frequency.
The basis functions for Model B have the same amplitude as
those of Model A, but differ in the sign of F1 and F3.

AVOZ with new basis functions
Figure 4c shows the estimated fit of the measured reflection
coefficient using two, three and nine basis functions at the lo-
cations (azimuths) where there are measurements. Figure 4d
shows the estimated reflection coefficients for all azimuths us-
ing two (dashed line) and three (solid line) basis functions. Ad-
ditionally it shows the expected reflection coefficient (calcu-
lated using the elastic constants and physical properties given
by Wang et al., 2007) and the measured reflection coefficients.

In general, for offsets between 1000m (θ = 33o) and 1500m
(θ = 45o) the fit using the optimal basis functions is very good.
For offsets smaller than 1000m (θ < 33o) there are no consis-
tent azimuthal changes in the measured reflection coefficients
and the fit becomes meaningless.

At offsets greater than 1500m (θ > 45o) the modelled reflec-
tion coefficient reaches the critical angle predicting a strong
increase in amplitudes. Since in the measured reflection coeffi-
cients we don’t observe the strongly marked amplitude changes
predicted for angles of incidence greater than the critical angle,
the data from this offset range should be taken carefully, and
should perhaps not be given as much weight.

FRACTURE DENSITY INVERSION

In order to invert for fracture density from the inverted coeffi-
cients, we first find the coefficient from the modelled realiza-
tions with the highest correlation to the fracture density mod-
elled. We calculate the correlation coefficient for each of the
ranges of angles of incidence discussed above, as well as for
all angles of incidence as shown in Table 2.

We find that for all the ranges considered C̄1 is the coefficient
with the highest correlation to fracture density (see Table 2).
We thus base the inversion from the inverted coefficients to
fracture density entirely on the relationship between c1 (from
the data) and C̄1 (from the models).

Figures 4e and 4f show the maps of C̄1 versus angle of inci-
dence and fracture density. By mapping the inverted values of
c1 for different offsets into C̄1 (also shown in figures 4e and
4f) we can invert for fracture density.
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Figure 4: a) Basis functions, b) singular values, c) estimated reflection coefficients with dif-
ferent number of basis functions, d) estimated reflection coefficients with two and three basis
functions compared to the modelled and measured reflection coefficients, e) and f) maps of
C̄1 versus angle of incidence and fracture density (the inverted C1’s are plotted on top). All
A), b), c), d), e) and f) correspond to Model A.

The inverted fracture density per common offset gather for
both models is shown in Figure 5. In general, the errorbars
become smaller as the offset increases. For the range of angles
of incidence of interest the mean of the inverted fracture den-
sity becomes stable around 0.2. Nevertheless as the offsets get
closer to 1500m (close to the critical angle 45o) the inverted
fracture density starts increasing, away from its true value.

For the range of offsets greater than 1500m the errorbars of the
inverted fracture density are smaller for both models (and par-
ticularly for Model B) as shown in figures 5a and b. However,
the errors of the fit using the optimal basis functions increase
significantly, as shown in Figure 5c.

As expected, the error of the fit decreases as the number of
functions used increases. This effect can be seen from figures
5c and 5d where the errors in the fits using two, three, five and
nine functions are shown.

Model A Model B
Range θ C̄1 C̄2 C̄3 C̄1 C̄2 C̄3

all 0.435 -0.2897 -0.0718 -0.458 -0.293 0.0757
θ < 33 0.299 -0.218 -0.0296 -0.3809 -0.275 -0.0494

33 > θ < 45 0.598 -0.0762 -0.0509 -0.6326 -0.047 0.0139
45 > θ 0.896 -0.7962 -0.1355 -0.9154 -0.8160 0.1574

Table 2: Correlation coefficient between C̄i’s and the modelled fracture density for models A
and B.
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Figure 5: a) Inverted fracture density for all offsets for Model A. b) same as A but for Model
B. c) RMS errors between measured and estimated reflection coefficients using two, three,
five and nine basis functions. d) an expanded detail of b). The data is plotted for all measured
offsets for reflection 2 (at the top of the fractured layer).

DISCUSSION AND CONCLUSIONS

The method for inverting fracture density from azimuthal AVO
using a set of optimal basis functions is applicable to seismic
data provided prior knowledge of the velocities and densities
of the medium.

We compare the inversion for two different levels of uncer-
tainty (standard deviations) in the velocities and densities of
the modelled reflection coefficients. The inversion results are
more precise and accurate when less uncertainty is used in the
rock properties of the modelled reflection coefficients.

The inversion for fracture density of the physical geological
model comes entirely from the coefficient that accompanies
the function with the cos(2φ) behaviour. In contrast to Varela
et al. (2007) where the inversion is based on all three functions,
and mainly on the cos(4φ) behaviour. This shows the versa-
tility of the method, as in each application the inversion will
be based on the coefficient or coefficients that have the highest
correlation with the modelled fracture density.

The data presents a distinct behaviour in three different off-
set/angle of incidence ranges. At short offsets (θ < 33o) there
are no azimuthal variations and thus the fit and inversion be-
come meaningless. For very large offsets (θ > 45o) the data
reaches the critical angle, with the modelled amplitudes in-
creasing strongly, unlike the measured ones. Due to this dis-
crepancy the inversion from this range is given less weight. For
the middle range of offsets (33o < θ < 45o) there are clear az-
imuthal changes in the measured amplitudes, a good fit of the
amplitudes with the orthogonal basis functions, and inverted
fracture density values that can be validated from the geolog-
ical model. This is the range for which, on this data set, the
inversion is optimal. In general, due to the data behaviour in
these three ranges, the final inverted fracture density values
should be related to the offset/angle of incidence range they
correspond to.
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