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Summary 
 
In this paper we introduce a new algorithm for calculating 
the frequency-dependent elastic properties of rock 
containing multiple fracture sets.  A key component of our 
analysis is the consideration of the fluid mobility, defined 
as the ratio of permeability to fluid viscosity.  This 
parameter varies widely between oil, water and gas 
saturation, and consideration of this effect can produce 
larger fluid substitution anomalies than those predicted by 
more traditional models which consider only fluid bulk 
modulus and density differences.  We consider a number of 
complex fracture patterns and demonstrate a number of 
subtle phenomena relating the seismic anisotropy to the 
fracture and fluid properties. In particular, the polarization 
of the faster shear wave is sensitive to the saturating fluid. 
 
 
Introduction 
 
In exploration geophysics we typically perform fluid 
substitution using Gassmann’s theory. This theory allows 
us to calculate the saturated bulk and shear moduli from the 
“dry frame” bulk and shear moduli, or equivalently given 
the bulk and shear moduli under saturation with a given 
fluid we can predict the new moduli which would result 
from changing the saturating fluid.  
 
The most commonly used version of Gassmann’s theory 
relates to isotropic rocks, for which the bulk modulus is 
expected to be sensitive to saturation in contrast to the 
shear modulus which is predicted to be independent of the 
saturating fluid. It is well known, however, that in an 
general anisotropic medium the application of shear stress 
can give rise to a volume change, so that shear wave 
characteristics, for example shear-wave splitting, can be 
sensitive to fluid in anisotropic rocks. In some stiff rocks 
with low matrix porosity such fracture effects can be the 
dominant mechanism controlling the fluid-substitution 
response. 
 
Standard models for the elastic properties of cracked 
materials show a modest dependence of seismic anisotropy 
on the saturating fluid, but do not account for frequency-
dependent anisotropy or the effect of fluid mobility, which 
current research suggests to be extremely important. 
Theories which do account for such effects are typically 
restricted to the consideration of very simple fracture 
distributions. In this paper, we extend the frequency-
dependent rock physics model of Chapman (2003) to the 
case of multiple fracture sets and consider the behaviour of 
a number of complex fracture systems. We demonstrate a 

very subtle relationship between seismic anisotropy and the 
saturating fluid for such models. 
 
Specifically, we show that in the more complex models the 
effect of saturation on anisotropic attributes can be much 
larger, and of a different direction, than that predicted by 
the more standard models. In the more complex case the 
effects are pronounced for near vertical propagation, as 
opposed to the prediction of the single fracture set models 
that fluid sensitivity should be restricted to larger angles of 
incidence. An interesting observation is that in the general 
case changing the fluid saturation can result in a change to 
the polarization of the faster split shear-wave. 
 
 
 
Theory 
 
Our method is an extension of that of Chapman (2003). 
That theory considered the case of a set of meso-scale 
(shorter than the wavelength but longer than the grain size) 
fractures in a porous, fluid-saturated, medium. Fluid is 
permitted to flow between the fractures and the surrounding 
pore-space in response to wave-induced pressure gradients. 
In the low-frequency limit of the model perfect pressure 
equalization occurs, and this limit is shown to correspond 
to the anisotropic Gassmann theory of Brown-Korringa 
(1975). The high frequency limit corresponds to the case of 
sealed fractures, and in this case we recover the model of 
Hudson (1981). 
 
The transition between these limits gives rise to frequency-
dependence of the seismic anisotropy, and is controlled by 
a “fluid-mobility” parameter M: 
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in which k is the permeability and η is the fluid viscosity. It 
is becoming increasingly clear (see for example Batzle et 
al. 2006) that the fluid mobility plays a very important role 
in fluid substitution. A key feature of the model is that the 
fluid mobility is coupled to the scale-length of the fractures, 
and so the “transition frequency” in the model depends on 
the length of the fractures. The result is intuitively correct, 
since it states in effect that it takes longer for fluid diffusion 
to occur out of large cracks than it does from smaller 
cracks. This feature was used by Maultzsch et al. (2003) to 
infer a fracture length scale from observations of 
frequency-dependent shear-wave splitting from VSP data. 
 



Fluid substitution for complex fracture systems 

In this paper we present the algorithm which allows us to 
extend the analysis to multiple sets of fractures with 
different densities, orientations and scale lengths. The 
problem is non-trivial, since it is known that for multiple 
fracture sets the elastic interactions are second order in the 
crack densities, but the fluid interactions are of the first 
order in the crack density. Handling the fluid interactions is 
therefore of the utmost importance, particularly to ensure 
that the resulting analysis will be consistent with the 
Brown-Korringa theory in the low frequency limit. 
 
The first step is to derive equations which couple the 
pressures in the crack sets and pore space to the stress field 
associated with the seismic wave. To achieve this, we 
define equations relating the mass content, applied stress 
and fluid pressure for each crack and pore. We then define 
differential equations for the exchange of fluid mass 
between adjacent cracks and pores. The resulting system of 
equations can be solved, and the solution expressed in 
tensor form in the Fourier domain. The solution may be 
written as: 
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in which p denotes the pore-pressure,  and denote 
the pressures in the first and second crack sets respectively 
and the tensors denoted by H can be given in terms of the 
elastic properties of the matrix material, the porosity, the 
fluid mobility and the crack set properties, density 
orientation, aspect ratio and radii. 
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This solution allows definition of the, frequency dependent, 
effective elastic tensor through the concept of energy 
equivalence. This tensor has the form: 
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which gives the effective tensor in terms of the matrix 
elastic tensor and three corrections, the first two 
proportional to the densities of the first and second fracture 
set respectively and the third proportional to the porosity. 

The tensors C  and C have the familiar transversely 
isotropic form when referred to the natural coordinate 
system of the cracks, but this is not necessarily so in the 
material coordinate system. To calculate the components of 
each tensor we introduce the following procedure. We 

apply a judicious choice of applied stresses in the local 
frame of each crack which isolates the five independent 
terms of the transversely isotropic terms one by one. In 
each case we then rotate the applied stress tensor into the 
material coordinate system and calculate the fluid pressure 
through the appropriate H tensor as above. Energy 
equivalence is then invoked to calculate each of the five 
terms and the resulting tensor is then rotated back into the 
material coordinate system. In this way, we are able to 
calculate the frequency-dependent elastic tensor of the 
material with two separate fracture sets. 
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Examples 
 
We consider three models for the fracture distribution, as 
summarized in Figure 1. The first is the simple case of a 
single set of vertical fractures. Secondly, we consider the 
case of conjugate fractures in which we have two sets of 
cracks, of the same length, with each set having an opposite 
dip angle to the other. Our final example simulates “en 
echelon” fractures and consists of two sets of fractures with 
different dip angles, with one set having a much smaller 
radius than the other. As we now discuss, the fluid-
substitution response is markedly different between these 
cases. 
 
General features of the models 
 
Fluid substitution within the framework we have described 
involves a change in fluid density, bulk modulus and 
viscosity. In general, velocities are predicted to increase 
with increases in fluid viscosity. This has the interesting 
implication that, for example, when gas replaces water the 
change in viscosity reinforces the bulk modulus change 
whereas when oil replaces water the viscosity effect will 
tend to cancel the bulk modulus effect. 
 
The viscosity is strongly associated with the fractures, and 
so varies significantly with direction. This directional 
variation is markedly different between the various models. 
In Model 1 the viscosity effect is very weak for near-
vertical propagation, but can be substantial for propagation 
significantly away from the vertical. This implies, for 
example, that fracture induced P-wave attenuation is 
minimal for vertical propagation, and we must look at high 
angles of incidence before we can expect to see any 
azimuthal variation of attenuation. 
 
In Models 2 and 3, however, viscosity dependence and 
associated seismic effects can be seen for vertical 
propagation. Figure 2 shows the predicted dispersion 
curves for P-wave for oil and water saturation for Model 3. 
Increasing viscosity tends to translate these curves to the 
left; hence the competition between viscosity and bulk 
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modulus effects. In Model 3 the dispersion is spread over a 
wider frequency band than earlier models. We now discuss 
the behaviour in some detail. 
 
P-wave attenuation anisotropy 
 
Recent studies have suggested that observation of P-wave 
attenuation anisotropy can help us to understand the 
fracture system in a variety of reservoirs. It is well known 
that attenuation is very sensitive to the saturating fluid, but 
the situation is rather more subtle when we consider the 
more complex fracture distributions. In general, the 
reduction of the fluid bulk modulus from that of water to 
typical oil or gas values leads to a strong increase in the 
absolute value of the attenuation, but the corresponding 
change in fluid viscosity will modify the frequency range 
over which the attenuation occurs. 
 
In Model 1 we have a single fracture set, and the modeling 
predicts that the attenuation shows a cos2θ dependence on 
the azimuth θ. Model 2 consists of two identical fracture 
sets with different orientations, and the result is P-wave 
attenuation which shows cos4 θ variation with azimuth. In 
Model 3, however the two fracture sets are not identical, 
and so the azimuthal variation is not so simple. 
 
When we perform fluid substitution in Model 3, the change 
in viscosity impacts the two fracture sets differently, since 
they are of different sizes. This has the effect that the 
apparent azimuth of maximum attenuation will tend to 
change as a result of fluid substitution. In some 
circumstances, therefore, the direction of maximum 
attenuation may be useful as a fluid indicator. 
 
Fluid dependence of shear-wave splitting 
 
It has been known for many years that even in the simplest 
case of a medium containing a single fracture set the shear-
wave splitting will depend on the saturating fluid, at least 
for propagation outside the plane of the cracks, and clear 
evidence of fluid-sensitive shear-wave splitting has been 
presented in the literature (van der Kolk et al., 2001). 
 
Traditional views of this effect focus on the impact of the 
fluid bulk modulus.  In Hudson’s approach the effect of the 
fluid bulk modulus is coupled to the aspect ratio, and for 
relatively large aspect ratios there can be a pronounced 
fluid dependence on the shear-wave splitting. In the Brow-
Korringa approach the aspect ratio is irrelevant, although 
fluid dependence arises through the impact of the matrix 
porosity. In general, however, the fluid dependence 
predicted for a reasonable choice of parameters by either 
the Hudson or Brown-Korringa approach is modest. 
 

Our approach encompasses these mechanisms, but in 
addition the dependence on fluid mobility implies a 
viscosity dependence. Figure 3 shows a typical relationship 
between shear-wave splitting and frequency for water and 
oil saturation. The effect of the higher oil viscosity creates 
a frequency band in which the shear-wave splitting is very 
sensitive to fluid, with the change being larger and of 
opposite sign to that predicted by the limiting theories 
which ignore viscosity. 
 
A particularly interesting phenomenon occurs for Model 3 
and concerns the polarization of the faster shear wave. For  
the case of two fracture sets and for near-vertical 
propagation the polarization of the faster shear wave is 
typically a fracture density weighted average of the fracture 
strike directions. Within Model 3 the two fracture sets have 
different sizes and respond differently to a change of fluid. 
This means that fluid substitution tends to change the 
polarization direction of the faster shear-wave. The effect 
can be very significant for certain choices of parameters. 
 
Conclusions 
 
Increasing attention is now being paid to the rock physics 
appropriate for studying fractured reservoirs, and it is 
becoming apparent that the fluid mobility must be 
considered as a key parameter. Nevertheless, many studies 
still assume a single vertical fracture set and make use of 
the limiting theories of either Hudson or Brown-Korringa. 
In this paper we present a new algorithm for modeling the 
frequency dependent properties of rocks with multiple 
fracture sets, with fluid mobility playing a controlling role. 
We considered a range of fracture models of increasing 
complexity to demonstrate a range of important behaviours. 
A number of common “rules of thumb” which arise from 
consideration of the simpler models can give misleading 
impressions. In particular, shear-wave splitting does in 
general depend on fluid saturation for vertical propagation, 
and the polarization of the faster shear-wave can change in 
response to a change in the fluid. The modeling suggests 
that the effect of the fluid on shear-wave splitting can be 
very much greater than is predicted by more 
straightforward approaches. We hope that it may be 
possible to use this subtle behaviour to draw conclusions 
about fluid saturation from analysis of seismic anisotropy. 
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Figure 1: Schematic diagram illustrating the 3
fracture models which are considered in this paper- a
single fracture set, conjugate fractures and en
echelon fractures. 
Figure 2: Sample dispersion curves for oil and
water saturation. Note the competition between
the effect of compressibility and viscosity. 
Figure 3: Shear-wave splitting as a function of
frequency for oil and water saturation. Note that
the effect of viscosity gives a larger response,
of opposite sign, to that predicted as being due
to fluid bulk modulus in the low frequency
limit. 


