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Summary 

We study a data-driven approach to multi-mode interval 
velocity analysis in laterally inhomogeneous and 
anisotropic media. We obtain a simple model-independent 
description of long-spread reflection moveout versus offset 
for both symmetric and asymmetric wave modes.  It 
resolves a trade-off between anisotropy and lateral 
heterogeneity. This is done using offset-dependent arrival-
angle and wavefront-curvature (P-Q) attributes. These 
attributes are estimated by transforming common-shot (CS) 
or common-receiver (CR) data with local slant and beam 
stacks for various offsets. The relationship between interval 
parameters and the P-Q attributes is provided by the 
generalized Dix-type layer-stripping formula. This formula 
is implemented as a recursive CS or CR wave-equation 
downward continuation process. The process is performed 
without reference to an a priori seismic model. We operate 
with CS or CR gathers without model-based common 
midpoint (CMP) or common conversion-point (CCP) 
binning. Our method is robust in that it offers options of 
wavefield separation and multiple removal in the P-Q 
Radon-type domain during downward continuation. 
Examples show that the method is numerically accurate 
even for large offset-to-depth ratios and in the presence of 
substantial lateral velocity gradients. 
  
Introduction 

Advanced short-spread processing techniques now exist to 
produce credible PP images. The implementation of 
converted-wave imaging is more difficult because long-
spread processing is critically dependent on the velocity 
model. Complications arise due to the widespread 
occurrence of lateral velocity variations and anisotropy. 
Interval-velocity models derived from NMO-DMO 
parameters (Tsvankin, 1995) via converted-wave Dix 
inversion (Thomsen, 1999) are often inaccurate and require 
an excessive number of iterations. Specific problems are as 
follows: (1) existing NMO-DMO methods do not honor ray 
bending and associate the reflection moveout with only the 
root-mean-square (RMS) velocity at a given CMP or CCP 
location (e.g. Lynn and Claerbout, 1982); (2) there is a 
significant ambiguity in the manual picking of stacking 
velocities on semblance panels (Toldi, 1989); (3) it is often 
difficult or impossible to separate various wave modes by 
scan-based measurements of the global coherency of the 
data sorted in CMP or CCP gathers (Biondi, 1992; Tieman, 
1993); (4) in areas with rapid lateral velocity variation, the 
key Dix’s assumption that stacking velocities are equal to 
RMS velocities breaks down; (4) unfortunately, even after 

the DMO correction or prestack time migration, stacking 
velocities can be multi-valued nonlinear functions of 
interval elastic parameters (coupling problem I); (5) 
anisotropy and lateral inhomogeneity usually reinforce each 
other in their effect on far-offset reflection traveltimes 
(coupling problem II). To overcome these problems, we 
develop a data-driven interval velocity analysis procedure 
that does not require a reference velocity input. In this 
technique, the moveout surfaces are described by first-order 
and second-order wavefront attributes extracted from each 
CS or CR gather without model-based CMP or CCP 
binning. Firstly, a new long-spread reflection moveout 
function )(hτ  of offset h is derived. This handles well-
known offset and model limitations of existing traveltime 
equations (Tsvankin, 1995; Bergler et al., 2002) for all 
possible wave modes. Secondly, the new moveout equation 
is used to establish a wave-equation layer-stripping process 
that is free of ad hoc Dix assumptions. Specifically, the 
offset Taylor expansion about the true velocity due to 
lateral velocity gradient and/or anisotropy (Lynn and  

 
Figure 1: Dipping layer with the strata dipping to the right 

at . Horizon R is the target reflector. Auxiliary horizon 
M is created to generate free-surface PP multiples. 
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Claerbout, 1982) is incorporated into a three-parameter 
paraxial moveout equation (Keydar et al., 1996) by 
constructing an imaginary or virtual source (de Bazelaire 
and Viallix, 1994). The task is to express the unknown 
interval velocity and other layer parameters in terms of 
data-derived wavefront attributes and , related 
to the arrival angle and wavefront curvature respectively. 
These attributes are estimated by transforming CS or CR 
data with local slant and beam stacks for various offsets, as 
suggested by Biondi (1992). The crucial point is to 
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formulate the multi-parameter interval velocity analysis as 
a robust scanless layer-stripping inversion scheme that 
involves recursive CS or CR wave-equation downward 
continuation (Bevc, 1997). This scheme is referred to as 
the wave-equation generalized Dix inverse. It is designed to 
overcome the instability and ambiguity of the tomographic 
multi-parameter optimization search (Toldi, 1989; Biondi, 
1992) to update the velocity model.    

 
Figure 2: Synthetic elastic CS record for the model in 
Figure 1 with 10% random noise. Primary PP (Pr), SP, PS, 
and SS reflections as well as free-surface PP multiples 
(Pm) are observed.   

 
Figure 3: Converted-wave (PS) residual moveout (sec) 
versus offset/depth ratio for the model in Figure 1. Residual 
moveout is calculated as the difference between the ray-
trace traveltime function and the following moveout 
approximations: curve 1 - TI RMS-based (Tsvankin, 1995), 
curve 2 – eq. (1) with V=const (Keydar et al., 1996), curve 
3 – eq. (1) with the expansion (2) due to lateral velocity 
variations only, and curve 4 - eq. (1) with the expansion (2) 
due to both lateral velocity variations and TI anisotropy. 

Method 

Let us construct an imaginary source representing the 
centre of curvature of the emerging wavefront at the current 
source or receiver point of the CS or CR gather (de 
Bazelaire and Viallix, 1994). In doing so, the radius of 
wavefront curvature ρ  and the local dip angle ϕ  are 
calculated. In addition, we introduce the qP- or qS-wave 
velocity V as appropriate just below the acquisition surface. 
The long-spread reflection moveout is then approximated 
as 

]sin2)[()0()( 221 ϕρρρττ hhhVh m++−+≅ − ,      (1) 

 
Figure 4: The normalized PS-wave traveltime sensitivity 
function m∂∂ /lnτ  versus offset/depth ratio: curve 1 - 

, curve 2 - )0(Vm = ρ=m , and curve 3 - ϕ=m .  

which is equivalent to the short-spread paraxial moveout 
equation (Keydar et al., 1996) if . Here, the 
offset-dependent local velocity is replaced by the Taylor 
series (Lynn and Claerbout, 1982) 
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with the coefficients  and  expressed in 
terms of the wavefront attributes 
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 in the vicinity of the arbitrary offset 

 (local beam axis). Eq. (2) handles both anisotropy and 
lateral velocity variations (coupling problem II). The P and 
Q attributes are computed by summing the CS or CR data 
along the beam segments (Biondi, 1992) 
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A local slant sum with amplitude weights (Tieman, 1993) 
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provides an estimate of the P-attribute wherever  is 
sufficiently small. This also offers the possibility of 
wavefield separation via dip filtering in the conventional 

h∆

)( p−τ  domain (Zhou and Greenhalgh, 1994). 

 

Figure 5: P-Q attribute analysis for the record in Figure 2: 
offsets h=0 (near-offset stack) and h=0.39 km (beam 
stack).  
 

Next, a phase correlation analysis is performed with the 
amplitude weights  to estimate the Q-
attribute from the residual moveout  
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when  is not small. At this stage, multiples can be 
removed using the parabolic Radon transform (Zhou and 
Greenhalgh, 1994). To solve coupling problem I, we utilize 
the generalized Dix inverse formula 
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where , nV nρ , nϕ , and t  are respectively the interval 
velocity, the radius of wavefront curvature, the dip angle, 
and the one-way normal-ray traveltime at the current datum 
level . Eq. (6) gives the interval velocity at the upper 

datum level  in terms of the P-Q attributes at the 

datum levels  and . The Kirchhoff-type, finite-
difference or phase-shift downward continuation formula 
extrapolates CS or CR data from the upper datum level 

 to Σ . If the input dataset is shot ordered, CS traces 
should be extrapolated. Otherwise, shots should be 
datumed. Thus, the velocity estimation scheme can be 
applied recursively if the datum aperture-to-depth ratio is 
sufficiently large to carry out the coherence analysis 
discussed above. The scheme is repeated for all available 
CS and CR gathers and four wave modes between adjacent 
datum levels to construct an improved velocity estimate. 
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Figure 6: Moreni velocity grid (courtesy of IFP). 

Examples 

We begin with a simple laterally-varying TI velocity 

model, in which the strata dip to the right at , 
overlaying a dipping reflector R (Figure 1). The auxiliary 
horizon M is immersed in this structure to generate free-
surface PP multiples for test purposes. These multiples are 
referred to as the Pm events. Figure 2 shows the ray-trace 
elastic synthetic CS seismogram represented by primary PP 
(denoted by Pr) and SS reflections, mode conversions PS 
and SP, multiples Pm, and random noise. Figure 3 shows 
that eqs. (1) and (2) can account for arbitrary velocity 
complexities and provide a very good fit to the exact 
traveltimes at far offsets. To quantify the error in estimated 
attributes, we calculate the normalized traveltime 
sensitivity function 
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m∂∂ ln , where ϕρ,),0(V=m  
and the function )  is given by eq. (1). From the curves 
in Figure 4, it is clear that traveltime errors due to 
inaccurate estimation of wavefront attributes are negligible 
by comparison with those that are due to velocity errors. 
Figure 5 compares conventional and beam-stacked 
semblance panels calculated at offsets  and 

 km. It is seen that wavefront attributes are 
0=Bh
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poorly resolved at  while all reflection events are 
fairly well localized on the beam-stack panels. For 
example, it was possible to suppress the Pm events on the 

 panel (Figure 5). This is consistent with 
previous work (Biondi, 1992). Next, let us consider the 
VTI model “Moreni” provided by Constantin Gerea and 
Laurence Nicoletis (Institut Français du Pétrole). This 
realistic anisotropic model simulates a typical marine 
multi-layered structure with curvilinear interfaces (Figure 
6). Figure 7 illustrates the value of incorporating wave-
equation methods into the layer-stripping scheme. The 
scheme was used to estimate the vertical S-velocity 
according to eq. (6) (Figure 8). 
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Figure 7: Input X-component ray-trace elastic CS record 
(x=8 km) after AGC (panel 1) and results of CS Kirchhoff-
type downward continuation. This is combined with the (P-
Q) domain multiple removal (Zhou and Greenhalgh, 1994). 
Panels 2 and 3 correspond to datum levels z=0.08 km (sea 
floor) and z=1.72 km respectively. 

Conclusions 

We have developed the multi-mode attribute-based 
interval-velocity analysis to solve coupling problems I and 
II. It appears that fundamental wavefront attributes can be 
extracted from CS and CR gathers using a new long-spread 
moveout equation that eliminates restrictive assumptions 
about the velocity model. Dix-type layer stripping has been 
implemented as a recursive wave-equation downward 
continuation process. Tests show that the method is 
numerically accurate in the presence of lateral velocity 
variations and anisotropy. It is robust due to effective 
attribute-domain wavefield separation and regular noise 
removal during layer stripping.  
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Figure 8: Result of interval-velocity analysis for the model 
in Figure 6, shot 250 (x=8 km): curve 1 - exact, curve 2 - 
C-wave Dix (Thomsen, 1999), and curve 3 - P-Q inversion 
formula (6) (wave-equation generalized Dix).    


