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Summary

The cracks in a porous matrix which is subjected to a change
in the applied stress or fluid pressure will undergo a distortion
related to their orientation relative to the principal directions of
the applied stress. Both the crack distribution and the fluid-flow
properties of the aggregate will be altered as a consequence of a
change in either the applied stress or fluid pressure, resulting in
a change in the effective elastic parameters of the material.

An effective medium theory, based on the method of smoothing
and incorporating a transfer of fluid between connected cracks
via non-compliant pores, is used to derive an expression for the
effective elastic parameters of the material, to first order in crack
density�. This expression involves a dependence on both the
applied stress and the fluid pressure, and is used to determine the
effects on the anisotropy of the effective medium of the applied
stress and fluid pressure.

A biaxial compressive stress is applied to an isotropic crack
distribution to determine the anisotropy of the (transversely
isotropic) effective medium as a function of differential pres-
sure. As a result of competing processes, the theory predicts
that there is a pressure at which the anisotropy reaches a maxi-
mum value before the properties of the effective medium decay,
under increasing stress, to those of the uncracked matrix.

Introduction

The cracks in a matrix rock are, potentially, a result of a number
of competing processes that dictate the resulting crack distribu-
tion. Within unstressed rock, it may be assumed that the cracks
are isotropically distributed and exist as a result of either the
mineralogy of the rock or thermal processes. A non-isotropic
stress applied to the rock will result in preferential crack closure.
The greater the alignment between the crack normal and the
principal directions of the stress, the less the stress needed to
close any given crack. The resulting crack distribution will be
anisotropic. Further, an applied stress will, in general, result in
the formation of new cracks that are likewise predominantly
oriented parallel to the direction of maximum principle stress.

The presence of pores or cracks in matrix rock will influence the
mechanical properties of the rock. Thus, by modeling the crack
distribution to account for the effects of stress we may study the
effects of the cracks on these mechanical properties, such as the
velocities or the permeability. One may then attempt to invert
measurements of such properties for crack or pore parameters.
Clearly then, advancements in the modeling of the mechanical
properties resulting from a distribution of cracks will aid the ac-
curacy of inversion techniques.

The effects of the application of an ambient stress to a cracked
medium has been studied both analytically (e. g. Pecorari, 1997)
and experimentally (e. g. Wulff et al., 1999) concluding that

Fig. 1: (a) Schematic of an aggregate in which the misfit between the
particles creates a porous system. (b) Schematic of a possible distribu-
tion of cracks in an aggregate under compression. The insert, a reduced
version of (a), represents the structure of the material in which the cracks
lie.

wavespeeds increase with differential pressure, defined as the
difference between the compressive stress and fluid pressure,
whatever the form of the compression that the rock is sub-
jected to. The behavior of fractures under compression has also
been the subject of analytic (Bai et al., 2000) and experimen-
tal (Brown and Scholz, 1986) studies. Results are explained in
terms of preferentially oriented crack closure. However, none of
these models have an explicit dependence on the flow of fluid
between cracks.

The method of smoothing (Hudson, 1980), an effective medium
theory, gives the effective elastic parameters of a cracked mate-
rial, which allows the calculation of the speeds of waves of long
wavelengths. The method has recently been extended to allow
for the cracks to be connected through the porosity of the ma-
trix rock (Hudson et al., 1996; Tod, 2001) where fluid may flow
between cracks which have been distorted differently by an inci-
dent wave due to differences in their orientation and aspect ratio



Pressure induced anisotropy

(Fig. 1). This model, up to Tod (2001), fails to account for the
dependence of the crack distribution on both the applied stress
field and the fluid pressure, and the fact that the distributions of
crack aspect ratio and orientation are interdependent.

In this paper a model for the number density of cracks is devel-
oped that depends on both the aspect ratio and orientation of the
cracks, and further depends on both the applied stress and the
fluid pressure. While Sun and Goldberg (1997) categorize the
dynamic process of rock deformation under a changing differen-
tial pressure into four stages, only the first and third of these are
considered in the model herein; collapse of, and closure of, the
original cracks. The remaining two stages are defined as: the de-
formation of pores into cracks and the formation of new cracks
of small aspect ratio. The model developed here thus predicts
that the crack density decays monotonically with an increase in
the applied stress from some initial value corresponding to the
unstressed state. Thus, this model is purely elastic, and assumes
that during subsequent unloading, the material relaxes to its orig-
inal state. The model does not therefore incorporate hysteresis
and crack growth.

This model for the crack number density is used in conjunction
with the dependence of the effective elastic parameters on the
crack distribution (Tod, 2001) to model the relation between the
anisotropy of the effective medium, incorporating fluid-flow, and
the applied stress and fluid pressure.

A fluid-flow model

We follow the model of connected cracks proposed by Hudson
et al., (1996) and extended by Tod (2001) for the transfer of
fluid between cracks by non-complaint pores. The model is
based on a local flow governed by diffusion
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and a global flow resulting from D’Arcy’s law
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where�n, �0n, �nf and pnf are the porosity, stress-free poros-
ity, fluid density and fluid pressure respectively, in thenth set
of cracks, where the cracks have been divided into families of
parallel cracks with identical aspect ratio.�0 is the unstressed
density,�f the bulk modulus of the fluid,�f the average fluid
density,pf the average (local) pressure in the fluid,�f the fluid
viscosity,Kr the permeability tensor of the matrix and� a re-
laxation parameter.

The effect of stress and fluid pressure on aspect ratio

A change in the stress and/or pressure on a cracked material will
result in a distortion of the cracks, that will alter the effective
elastic parameters. Hudson (2000) derives an expression for the
change in crack aspect ratio�� due to a change in applied stress
field ��0 and fluid pressure�pf on a crack whose normal lies

in the directionn;

�� =
2 (1 � �)

��
(��ijninj + �pf ) ; (3)

where� is Poisson’s ratio for the matrix material. The sign con-
vention is such that a positive�� or �pf will cause the cracks to
open.

Attention is restricted to biaxial compression;

�ij = �� (�i1�j1 + �i2�j2) (4)

We then have that the differential pressure is given by

pdi� � � (k�ijk+ pf ) = � � pf : (5)

Crack density

The total crack density� is given by

�(�; pf) = �0

Z
�

dnc; (6)

where�0 is the crack density in the absence of an applied stress
or fluid pressure and

dnc = nc (�;�; pf ; �) d� sin �d� (7)

is the probability density of cracks in an elemental area
d� sin �d� of the region�, such that

Z
�

nc (�; 0; 0; �) d� sin �d� = 1: (8)

� is defined as the region0 � � � 1 and0 � � � �=2. The
angular dependence is defined such that� = 0 corresponds to
thex3-direction.

We make the assumption that in the absence of any applied stress
or fluid pressure the distribution of cracks is independent of the
crack normal orientation;

nc (�; 0; 0; �) = nc0 (�) : (9)

Using eq. (3) we may then write

nc (�;�; pf ; �) = nc0 (�� f (�; pf ; �)) (10)

for

� � max ff (�; pf ; �) ; 0g (11)

where

f (�; pf ; �) = �
2 (1� �)
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�
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As Tod (2001), we approximate the initial crack aspect ratio dis-
tribution,nc0 (�), with a Gamma

�
1=�2; 1=��2

�
distribution with

�0 = 0:00837 and� = 0:703, to give an approximation to the
measurements of Hay et al. (1988).
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where� (x) is the Gamma function.

The resulting crack density is given by

�(�; pf ) = �0

Z �=2
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and � (x; y) is the incomplete Gamma function such that
� (x; 0) = � (x).

Effective elastic parameters

This model is used by Tod (2001) to derive an expression, in
frequency - wavenumber space, for the effective elastic param-
eters of a cracked material to first order in the crack density
�;

cipjq = c0ipjq + �c1ipjq +O
�
�2
�
; (16)

wherec0 is the elastic tensor for the, assumed isotropic, porous
matrix material,

c0ipjq = ��ip�jq + � (�ij�pq + �iq�jp) ; (17)

� and� are the Lam´e constants of the material;c1 accounts for
scattering off individual cracks.

The expression derived for the first order correction to the effec-
tive elastic parameters by Tod (2001) may be given in terms of a
continuous distribution of crack aspect ratio and orientation as

�c1ipjq = �
�0
�
c0kripc

0

usjq

Z
�

~Tkrusdn
c; (18)

where ~Tkrus is a function of crack aspect ratio and orientation,
and also depends upon frequency and material properties of the
matrix and fluid.

Results

When the differential pressurepdi� (eq. 5) is negative, that is
�=pf � 1, there is no crack closure, thus no change in crack
density.

Once�=pf � 1, preferentially oriented crack closure occurs
and the crack density decreases with increasing compressive
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Fig. 2: Crack density� as a function of differential pressure at 0 MPa
(solid line) and 100 MPa (dashes) fluid pressure.

stress (Fig. 2). At large stresses only those cracks with normals
lying in, or close to, thex3-direction remain open. The pres-
ence of a non-zero pressure within the fluid medium increases
the crack density at any given value of the compressive stress, as
it hinders the process of crack closure (Fig. 2).

The anisotropy of the effective medium is measured using
Thomsen’s parameters;"T , �T and T (Thomsen 1986). As
can be seen (Fig. 3) all three of the parameters reach a maximal
(absolute) value before decaying towards zero at large differen-
tial pressure as the properties of the cracked aggregate approach
those of the uncracked matrix. We notice that�T , a measure of
theSH-wave anisotropy, reaches far larger values than the other
two, so is more likely to be detected.

For waves propagating in a direction parallel to the symmetry
axis, there is no shear wave splitting, only two wavespeeds. Both
of these wavespeeds are seen to increase with differential pres-
sure (Fig. 4), approaching the matrix wavespeeds at large pres-
sures. The shear wavespeed shows a greater proportional change
with pressure than the compressional wavespeed does, indicat-
ing that shear waves are more sensitive to pressure changes than
compressional ones.

Discussion

The model proposed by Hudson et al. (1996) for the transfer
of fluid between connected cracks via non-compliant pores has
been extended to allow for a continuous distribution of values of
both crack orientation and aspect ratio, that depend upon each
other via the applied stress and fluid pressure. This more real-
istic model has the expected properties that at high frequencies
the cracks behave as if isolated, while at low frequencies they
behave as if undrained; in addition, the relationship between the
expressions for undrained and isolated conditions agrees with
Brown and Korringa (1975).

The pressure effects are included via a mechanism that allows
for the collapse and closure of the cracks present in an unstressed
state, and does not allow for the possible growth of existing
cracks, the deformation of pores into cracks, or the formation
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Fig. 3: Thomsen’s parameters"T (solid line),�T (long dashes) andT
(short dashes) as a function of differential pressure at 100 MPa.
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Fig. 4: Normalized compressional (solid line) and shear wavespeeds
(dashes) at parallel incidence, as a function of differential pressure, at
a fluid pressure of 100 MPa.

of new cracks. This leads to a description that is purely elas-
tic under loading and unloading, rather than exhibiting hystere-
sis. Further, stress history is not accounted for in the model,
by assuming that in the unstressed state the crack distribution is
isotropic. We may remedy this by including an initial crack dis-
tribution that is anisotropic. This would have the further advan-
tage of increasing the magnitude of the anisotropy parameters.

While the effect of an increase in the differential pressure will
increase the polarization of the distribution of remaining cracks,
which will serve to increase the anisotropy, the total crack den-
sity will decrease, thus decreasing the anisotropy. These two
competing processes explain the rise in the anisotropy param-
eters with differential pressure (Fig. 3) to a maximum absolute
value, before a decay towards zero as the differential pressure
increases yet further, as the properties of the effective material
approach those of the isotropic matrix.

This model of an effective medium theory may be combined
with a model of a fault (Tod and Hudson, 2001) to produce syn-
thetic seismograms for the scattering from a fault, that may be

compared with well-log or VSP data.
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