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Abstract 

The objective of multi-wave-type or full-wave Prestack Depth Migration (PSDM) is to account for 
those wave types that conventional PP migration seeks to remove such as converted waves. As with 
other Kirchhoff migration methods, a key issue for multi-wave-type PSDM is the choice of a robust 
algorithm for generating accurate traveltime maps with the high computational efficiency compared to 
the operations of the Kirchhoff summation. For a smooth (grid) or multi-layered weak VTI medium 
with curved interfaces, we have developed optimized versions of Finite-Difference (FD) and Non-
Linear Perturbative (NLP) eikonal solvers as well as fast initial-value Snell’s or grid ray tracing 
algorithms. Several comparative numerical examples examine possible benefits and limitations of 
these algorithms, highlighting their similarities and differences. The computation was carried out on a 
Sun Blade 150, a 650 MHz Ultra SPARC workstation having 1.28 Gb memory and the UNIX 
operating system. The results were so encouraging that we incorporated these algorithms in the 
decoupled full-wave PSDM workflow that was run on a 16-node Beowulf Linux Cluster. 

Introduction 

Many seismic imaging techniques require computing traveltimes based on the asymptotic ray theory. 
Traveltimes are classically computed using various ray tracing techniques such as shooting, bending,  

and perturbation methods. For complicated 
velocity profiles, rays may cross and multiple 
traveltimes occur at the same location. Also, rays 
have difficulty penetrating shadow zones due to 
critical rays in blocky media with high velocity 
layers. In PSDM, this leads to the presence of 
spurious coherent migrated events referred to as 
kinematic artifacts. To circumvent this problem, 
we develop several alternative traveltime 
computation algorithms with the focus on 
accuracy and speed issues. These algorithms are 
valid for anisotropic multi-layered or grid models 
kinematically consistent with observed data.  

 
Figure 1: The Moreni PP depth exploding 
reflector model (Druzhinin, 2003). 

Applications to multi-wave-type PSDM are considered. We present several comparative accuracy tests 
in order to understand properly the pros and cons of these algorithms. The model tested is the IFP 
Moreni model (Figure 1). The model box is  and  km. 88 ≤≤− X 40 ≤≤ Z

Methods 

 FD Eikonal solver 

In 2D VTI media, the traveltime gradient },{ qp=∇= τp  satisfies the approximate dispersion 
relations (60) and (62) of Fowler (2003). Fowler (2003) has shown that these relations provide a more 
accurate description of wavefront propagation than do alternative simple approximations in weakly 



2 

anisotropic media. Following Zhao (1996), the VTI velocity grid is divided into square cells. Each cell 
has a set of four VTI parameters. The efficient FD algorithm of Zhao (1996) is then applied to the 
above dispersion relations. It involves outward and reverse wave mapping in four directions 
( ,  and ). After finishing this mapping, the minimum traveltime is selected as 
the first arrival. In principle, this algorithm avoids shadow-zone problems and can account for 
diffracted and head-wave arrivals. Ideally, it should deal with sharp velocity contrasts. However, our 
feasibility tests show that differences in precision strongly depend on the choice of mesh parameters. 
Since a propagating wavefront can develop corners and discontinuities as it evolves, additional 
accuracy tests based on the reciprocity principle (Druzhinin, 2003) are required. 

0,0,0 ><> qpp

),( px

0<q

 Initial-Value Grid Ray Tracing 

The arrival time of the direct wave as an input to PSDM can be calculated by ray tracing from the 
source or receiver point to all image points in the numerical mesh. Conventionally, rays are shot 
downward from the acquisition surface. Although this allows efficient ray calculations, poor 
illumination of downgoing ray tracing due to the increase of velocity with depth often results in 
distorted depth images. Instead of a specified number of rays traced downward, rays are shot upward 
from each image point to the acquisition surface. In doing so, we apply special approximate ray 
equations in 2D smooth (grid) or multi-layered (blocky) weak VTI models that lead to relatively fast 
ray tracing algorithms. In grid models, the notion of layers disappears and the distribution of four 
elastic parameters is defined globally by a single smooth vector function m . The relevant ray 
trajectories  are described by the Hamilton’s equation (Hanyga et al., 2001). This is an initial-
value problem that can be solved using the classical fourth-order Runge-Kutta propagator formula. 
The user furnishes the initial conditions, the step size, and the number of steps to be taken. In areas of 
a strong velocity gradient, both the Runge-Kutta solution and the FD solution of the eikonal equation 
may be used to constrain the results obtained (Druzhinin, 2003). 

 
Figure 2: Upgoing qP (left panel) and qSV (right panel) Snell’s ray tracing diagrams for the image 
point (-3,3) (km). qSV-wave caustics (ray envelopes) as well as grazing rays are clearly visible. 

 Initial-Value Snell’s Ray Tracing 

In practice, we are often concerned with generating large-scale structural models consisting of regular 
or irregular depth horizons that describe major acoustic or elastic impedance contrasts (Mao and 
Stuart, 1997). These horizons are interpolated using cubic B-splines. As a rule of thumb, the average 
length of the interface segments should be taken roughly one order of magnitude smaller than the 
smallest spatial wavelength represented in the model. In the first place we consider a multi-layered 
medium with homogeneous lossless isotropic or VTI layers such as the model in Figure 1. In this case, 
initial-value ray tracing involves iterative computation of the relevant point of a piecewise straight ray 
path (Figure 2). At the intersection of the ray with an interface the slowness vector satisfies 
appropriate boundary conditions with the Snell’s propagator matrix containing elastic parameters for 
the media of incidence and transmission. This matrix relates incident and outgoing slowness vectors 
under the weak-anisotropy assumption allowing simple analytical solutions, as suggested by Slawinski 
(1996). The iterative ray tracing procedure stops if one of the following conditions is satisfied: (1) the 
ray intersects a user-defined “receiver surface”; (2) the ray has left the model domain (Figure 2). The 
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subsequent traveltime resampling (last step) includes the B-spline interpolation inside the irregular 
grid of ray termination points and the t  linear extrapolation outside this grid (Figure 3). 22 x−

 Non-Linear Perturbative Eikonal Solver 

In many situations, rays are known in a simple reference model  and perturbation techniques may  )0(m

 
 
Figure 3: (a) qP and (b) qSV initial-value 
upgoing Snell’s ray tracing before and after 

 traveltime interpolation-extrapolation 
for the image point (-3,3) (km). Our traveltime 
resampling routine appears to ensure a good 
precision, especially outside caustic zones. 

22 xt −

be used to construct the approximate system of 
rays when the model vector is perturbed, i.e. 

, where ε is the perturbation 
parameter. Most recent eikonal solvers 
(Schneider, 2003) use the first-order perturbation 
method to solve the weak VTI eikonal equation. 
Approximate results for relatively small 
deviations of parameters of unperturbed and 
perturbed media (

)1()0( mmm ε+=

1<<ε ) agree well with 
accurate traveltimes along ray paths. Otherwise, 
higher-order (non-linear) terms should be 
included in the eikonal solver via recursion 
expressed in terms of the higher-order 
perturbations of the second-rank Hamilton’s 
tensor (Druzhinin, 1996). Clearly, the NLP 
approach offers different choices of the reference 
medium as well as the anisotropic parameters. In 
contrast to Schneider (2003), the above formulae 
make it possible traveltime computations for qP 
as well as qSV waves along the reference ray 
path, no matter whether the reference model is 
isotropic or VTI. For 1.0<ε , the linear 
approximation is almost always sufficient. The 
non-linear perturbative expansion is necessary 
only if 1.0≥ε . It is, therefore, envisaged that the 
application of the method to realistic models with 
generally stronger anisotropy and larger model 
perturbations should give quite reliable results in 
terms of accuracy and CPU cost. 

  

  
Figure 4: Comparison of offset dependent upgoing qP- and qSV-wave traveltime computations: 

initial-value Snell’s ray tracing before and after t  traveltime interpolation-extrapolation, grid 
ray tracing, third-order NLP, and FD. As expected, the agreement between the Snell’s ray-trace and 
NLP traveltimes is good. The grid ray-trace traveltimes significantly deviate from the Snell’s ray-trace 
traveltimes. For qP-waves, the match between FD and Snell’s ray-trace or NLP traveltimes is 
satisfactory. For qSV-waves, numerical dispersion effects distort the FD traveltimes (not shown). 
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Results 
In comparison with the FD solution and grid ray tracing, the third-order NLP method significantly 
improves the accuracy of traveltime computations (cf. Figures 4 and 5). Snell’s ray tracing can provide 
a similar result, but at considerable computational expense without appropriate error control.  

Conclusions 

By exploiting optimized FD, non-linear perturbative and ray-trace solutions of the eikonal equation in 
laterally heterogeneous VTI media, we have developed and tested a robust means of computing 
traveltimes necessary for multi-wave-type anisotropic PSDM. For the present model example, the 
upgoing Snell’s ray tracing algorithm based on the Slawinski’s (1996) approximations and the non-
linear perturbative eikonal solver using recursive relations of Druzhinin (2003) yield sufficiently 
accurate results consistent with other traveltime methods in the domain of their applicability. 
However, there are still undesirable aspects associated with restricting finite-frequency wave 
phenomena to a pure geometric ray or wavefront family.  
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Figure 5: Comparison of normal-ray upgoing qP-wave traveltimes (sec): Snell’s ray tracing versus 
NLP method (left panel) and difference between Snell’s and NLP traveltimes (right panel). 
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