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Summary 

An efficient 2D time-domain numerical modeling algorithm based on the hybrid finite-difference-
wavenumber (FD-K) method has been developed for the calculation of synthetic seismograms through 
heterogeneous isotropic and anisotropic (VTI) elastic grid models. The FD-K method is an extension 
of the Alekseev-Mikhailenko semi-analytical method of separation of variables to 2D VTI models 
with arbitrary lateral velocity variations. It represents a combination of the wavenumber (K-) 
transform with respect to the horizontal in-plane coordinate and a finite-difference (FD) scheme in the 
remaining vertical and time coordinates. We apply the K-transform to reduce the 2D wave equation to 
multiple 1D wave equations. Each of these 1D wave equations is an initial-boundary-value problem 
that can be solved by existing FD schemes. Examples show that the computer code is sufficiently 
accurate in full-waveform two-component modeling and stable with model varieties. 

Introduction 
Successful applications of multi-component acquisition technology and major advances in computing 
capabilities have underlined the need for developing accurate techniques for the solution of elastic 
wave equations in realistic anisotropic structures. In principle, direct numerical modeling techniques 
have the flexibility to handle complex geological models. However, they require a large number of 
grid or collocation points to achieve the expected accuracy. A means of reducing computational cost 
and memory demands is to use higher-order FD approximations (Levander, 1988). Alternatively, one 
can take the advantage of spectral methods based on a simple superposition of plane waves (Cao and 
Greenhalgh, 1998; Komatitsch et al., 1999) or semi-analytical separation of variables (Martynov and 
Mikhailenko, 1984, 1988; Alekseev and Mikhailenko, 1999). Since the accuracy of spectral methods 
is shown to depend strongly on the truncation error of finite integral transformations, it is reasonable 
to combine these methods with the higher-order FD scheme. 

In this paper we describe a hybrid finite-difference-wavenumber (FD-K) technique to accurately 
simulate elastic wave propagation in 2D heterogeneous VTI media represented by grids of five 
anisotropy parameters and density. This technique is an extension of the above semi-analytical method 
of separation of variables that does not assume radial symmetry or vertical inhomogeneity of the 
medium. Firstly, a wavenumber (K-) domain representation of 2D elastic wave equations is obtained 
by taking the finite Fourier transform  with respect to the in-plane horizontal coordinate x. This 
reduces the original wave equations to a set of 1D wave equations in the K-domain. Secondly, the 1D 
initial-boundary-value is solved by using the  explicit FD method based on the second-order 
accurate in time t, fourth-order accurate in depth z, staggered grid scheme of Levander (1988).  
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Method 
The time-domain equations of 2D elastic wave propagation in a heterogeneous anisotropic medium 
may be written as (e.g. Komatitsch et al., 1999) 

fTv +⋅∇=∂tρ  (1) 
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and 

vxCT ∇=∂ :)(t  (2) 

with the zero initial conditions 

0v == )0(t ,  (3) 0T == )0(t

and the homogeneous boundary conditions at the free surface 

====== )0()0()0( zzz yzxzzz σσσ 0, (4) 

where  denotes the stress tensor with the components T yzxzxx σσσ ,, , etc.,  the velocity field, 
 the generalized vector body force, 

v
)(( tff = ) fx )(xρ  the mass density, and C  the elastic tensor at 

a point x . The velocity field is expressed as , u being the displacement vector. 
Another vector function  describes the 2D spatial location, while  gives the time dependence 
of a band-limited source (explosion, vertical or horizontal force, etc.). It is assumed that the elastic 
tensor  and the density 
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C ρ  are arbitrary piecewise-continuous positive functions of the variables x 
and z defined in the rectangular domain [ . In VTI media, the elastic tensor is expressed in 
terms of the five independent elastic parameters , and  in Love’s notations (White, 1982) 
or 
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,,, , δεβα  and γ  in Thomsen’s (1986) notations. 

A K-domain representation of eqs. (1)-(4) can be obtained by applying the finite Fourier transform 
with respect to the horizontal coordinate x  
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where k
t

k uv ∂=  and . The summation in (5) is carried out for all spatial 
wavenumbers 

( )Tkkkk WVU=u
Kk ≤ , where xK ∆≤ /π  and  is the x-grid spacing. In eqs. (1)-(4), the stress 

tensor, the source term, and elastic parameters are expressed in a similar fashion with the coefficients 
, f , , and C  ( 0l ).  
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To determine the x- and z-components  and W  of the displacement vector u, we substitute these 
discrete-wavenumber expansions in eqs. (1)-(4) and consider motion in a vertical plane (White, 1982). 
This yields the following recurrent first-order system 
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with rather lengthy analytical vector functions r  expressed in terms of the coefficients s , , 

, , and C  for , 

k
l

m mT

mf lρ l lkm ±= Kk ≤

t∆

, and l . The system (7) with fixed values of k can be 
solved by the explicit FD scheme (Martynov and Mikhailenko, 1984, 1988) with a non-uniform step h 
with respect to z and a uniform step  with respect to t. Here, we adapt the Levander’s (1988) 
second-order accurate time, fourth-order accurate space, O , staggered-grid scheme. To 
reduce artificial reflections from grid boundaries 

0≥

),( 42 ht∆
ax ±=  and , one can use appropriate 

absorbing boundary conditions (Cao and Greenhalgh, 1998; Komatitsch et al., 1999). Alternatively, 
the parameters a and b should be selected large enough so that artificial reflections could be 
eliminated. Finally, eq. (5) is used to produce the time-domain response by stacking the resulting 
numerical solution U  and W  with corresponding phase weights . In our numerical 
calculations, we need up to 3-5 harmonics per wavelength, while conventional FD methods require 15-
20 spatial steps per wavelength (Alekseev and Mikhailenko, 1999). 
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Figure 1: Snapshots of X- and Z- 
components of the displacement 
vector for model A. The dominant 
source frequency is 20 Hz. The 
source location is (0,1.02) km. The 
model size is  km. 16.54 ×

 

 
 
Figure 2: Geometry of model B and OBC 
(common-source) acquisition layout.  
 

 
 
Figure 3: Snapshots of X- and Z-components of 
the displacement vector for model B. 

 
 

 
 

Figure 4: Z-component of the displacement vector for model B: VTI versus isotropic case. 

Results 

A F-90 program was written for 2C-2D numerical modeling in VTI grid models of arbitrary 
velocity variations. We have successfully tested this program on PC-compatible computers 
running on Linux and Windows. Three examples are given herein and verify the accuracy of 
the program. Model A is a homogeneous VTI half-space with the elastic parameters 95.1=ρ  g/cm3, 

, , , , and  (in dynes/cm8.51=A

1 =

4.21=C

945.

13=F 65.3=L 1.14=N 2, after multiplication by 1010), 
describing a strongly anisotropic medium consisting of laminations of Plexiglas and aluminum (White, 
1982). Figure 1 shows the 2C snapshots of the direct qP- and qSV-waves due to the source 
“explosion”. The program produces the expected waveforms of direct waves and source 
ghosts without numerical artifacts. Model B is a three-layered structure (Figure 2) with the step 
discontinuity representing a fault or reef edge (after Grech et al., 1999). The elastic parameters used 
are 2α  km/s, 5.11 =β  km/s, 5.11 =ρ  g/cm3, 24.01 =ε , 1.011 ==γδ , 0.52 =α  km/s, 

5.22 =β  km/s, 35.22 =ρ  g/cm3, and  022 ==2 = γδε . The 20 Hz source (“explosion”) is located 
at a depth of 0.02 km. The snapshots of  and W  components of the displacement vector are U
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depicted in Figures 2 and 3. We observe relatively intense converted waves, diffracted-reflected waves 
and head waves. Figure 4 suggests that these waves are strongly affected by the anisotropy of layer 1. 

 
 

Finally, we test the method on the VTI model “Moreni” 
(courtesy of  Laurence Nicoletis, IFP) referred to as model C 
(Figure 5). Theoretical common-source 20 Hz OBC 
seismograms for the vertical and horizontal displacement 
components are presented in Figure 6. The source position is 
(8.0, 0.02) km. Each shot was recorded on 1000 channels 
with 16 m receiver spacing. The x-coordinate of the first 
receiver is 0 km. Figure 6 (X-component) presents evidence 
of high-amplitude converted-wave reflections. 
 
Figure 5: Model C after spatial B-spline interpolation of the 
original 17  sparse grid. 17×

Conclusions 
We present an efficient algorithm that uses the 
FD-K technique to study elastic wave propagation 
in 2D heterogeneous VTI media. The method is 
efficient because the 2D problem is split into the 
series of 1D problems by means of finite integral 
transformations. Analysis of synthetic 
seismograms and snapshots verifies the 
program’s accuracy. The parallel implementation 
of the algorithm is straightforward because an 
individual processor can be used for each 
wavenumber. 
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Figure 6: X- and Z-components of the 
displacement vector for model C. 
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