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Summary

The Paraxial Ray Approximation (PRA) is
extended to viscoporoelastic (anelastic) and
transversely isotropic (TI) media. The
Factorized Ray Tracing (FRT) approach that
eliminates the need of complex dynamic ray
tracing for every frequency is developed. This
approach can handle a variety of weak velocity
dispersion and attenuation mechanisms. In
contrast to the factorized anisotropic
inhomogeneous (FAI) model, there is no
assumption about spatial variations of
anisotropic parameters. Numerical results
show that the PRA-FRT method is suitable for
rapid multi-wave-type traveltime and
amplitude computations in the context of
multi-component modelling-imaging and 4D
studies.

Introduction

Since the Earth’s anelastic properties exert
strong influence over seismic wavefields, the
quality of the image produced by anelastic ray-
tracing-based imaging techniques is usually
much better than that of standard processing
(Lee et al., 1998). In addition to attenuation,
some rocks may exhibit seismic anisotropy due
to fracturing and stress variations. Very
efficient PRA-based ray tracing techniques
have been successfully applied to seismic
modelling in elastic anisotropic media (Farra,
1989; Gajewski and Pšencík, 1990). In
anelastic media, complex rays must be

computed for every frequency (Krebes and
Slawinski, 1991). To overcome this, Druzhinin
(2001) has introduced the FRT system that
facilitates the use of small perturbations in the
weakly anelastic medium (Gajewski and
Pšencík, 1992). In this paper, the FRT
equations are specialized to the important TI
model. Following Druzhinin (1993), the PRA
is applied to the model characterized by the
arbitrary relaxation function. This includes the
modified Biot’s model (Carcione et al., 2000)
and other dispersion laws (Hanyga and
Seredynska, 1999) as a special case. A
numerical algorithm that modifies the
wavefront construction technique (Mispel and
Williamson, 2001) is discussed.

Theoretical Background

Lets consider the TI model described
conveniently in terms of the Thomsen’s
parameters ),,( γδε=a  in addition to the P-
and S-squared slownesses m  along the axis of
symmetry:

)()()(),( 10 xxx mesmm ωω += (1)

and

)()()(),( 10 xaxaxa ωω eq+= , (2)

where s  and q  are the constant scaling

weights, 0m  and 0a  are the TI parameters in
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the reference (elastic) medium, )(ωe  is the
small frequency dependent dispersion
parameter, and 1m  and 1a  are the dispersion
correction factors expressed in terms of
observable attenuation parameters (e.g. the
quality factor Q). In practice, it is often
sufficient to account for the effects of
absorption by letting 1=s  and 0=q
(isotropic attenuation). In this case, the factor

1m  is expressed in terms of the ratio
)0(/)( QQ x  for both P- and S- waves. In

contrast to the FAI-model (Cervený, 1989),
equations (1) and (2) do not require a special
type of spatial distributions of the TI
parameters.

The task of FRT is to compute the so-called
canonical vector defined by

},,,{ aa pxpxh = , where x  denotes the ray
position vector, p  the slowness vector, and

ax and ap  the partial derivatives of x  and p
with respect to the ray parameters aα
( 2,1=a ). In the PRA-FRT approach, it is
assumed that

,)( 10 hhh ωe+= (3)

where 0h  is the canonical vector in the
reference medium and 1h  is the unknown
correction vector. Inserting (1)-(3) into the ray
equations (Farra, 1989), we obtain
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(4)

where 0M  is the PRA propagator matrix and
σdd /  is the derivative with respect to the

sampling parameter along the reference ray.
Equation (4) forms a basic linear PRA-FRT
system, which has the same form as that of
paraxial rays in the reference medium (Farra,
1989) except for the anelastic “source” term

1S  derived from the difference 0GG − , G
and 0G  being the eigenvalues of the

Christoffel matrix in the elastic and anelastic
media, respectively (Druzhinin, 1993).

Finally, the anelastic PRA amplitude
(Druzhinin, 1993) can be expressed in terms of
the geometrical spreading factor

,)( 10 JeJJ ω+= (5)

where 0J  is the geometrical spreading along
the reference ray (Gajewski and Pšencík,
1990). In the above equation, the anelastic
correction factor 1J  is given by
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where the derivative σdd /1x  is specified by
the system (4). It can be shown that 0≠J  as

00 →J . Thus, the FRT approach provides a
basis for avoiding caustics and other ray
singularities in the reference medium.

Figure 1: A flow chart of the PRA-FRT wavefront
resampling algorithm.

Just as with the elastic case (Gajewski and
Pšencík, 1990), standard propagator techniques
can be applied to determine the unknown
correction vector 1h  from the linear system
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(4). Instead of integrating ray equations over
the frequency loop, we solve eq. (4) along the
reference ray. The frequency dependence is
introduced at the very last stage by multiplying
the parameter e with the anelastic correction

1h . Thus, eq. (5) allows us to handle a variety
of anelastic models without resorting to time-
consuming complex ray tracing (Krebes and
Slawinski, 1991).

The similar considerations apply to the
frequency dependent traveltime equation, as
described by Gajewski and Pšencík (1992).

Implementation

Equations (1) to (6) have been incorporated
into the robust algorithm for computing multi-
wave-type traveltime and amplitude maps in
3D grid TI models (Figure 1). A wide range of
dispersion laws can be considered with almost
no extra CPU costs. The algorithm simplifies
the wavefront construction technique (Mispel
and Williamson, 2001) in that it avoids the ray
cell construction and subdivision steps. The
wavefront surface is defined as a grid of
constant-time ray samples. This surface is
reconstructed from its samples by means of a
cubic B-spline interpolation. To maintain a

sufficiently small sampling distance along the
wavefront, the anti-aliasing condition

χ<−= 1GH  is verified. The canonical
vector is interpolated whenever the
Hamiltonian H becomes larger than a
predefined tolerance χ. The wavefront
reconstruction followed by sampling is
referred to as the wavefront resampling. This
covers the entire model with the sufficiently
dense macro-grid of wavefront samples. As the
macro-grid is constructed, the traveltimes and
PRA amplitudes are interpolated into the
receivers.

Example

An example of the modeled wavelets and
traveltimes is shown in Figures 2 and 3. The
following are the model parameters in
equations (1) and (2): 4=s , 0=q , 93.2=pV

km/s, 5.1=sV  km/s, 226.0=ε , 048.0−=δ ,
15.0=γ , 50=pQ , and 100=sQ . These values

refer to a TI laboratory sample. By comparing
curves 2 and 3 in Figure 2, we conclude that
the singular memory convolution kernel by
Hanyga and Seredynska (1999) gives the
pronounced time delay of 2/~ T  (T being the
wave period) and the phase shift of 4/~ π  in
addition to the amplitude decay of %20~ .
This is consistent with the generalized Biot’s
theory of poroelasticity (Carcione et al., 2000).
Figure 3 illustrates the fact that the algorithm
in Figure 1 is capable to correct large arrival-
time errors due to anelastic attenuation in the
overburden According to Lee et al. (1998),
these errors can be minimized by updating the
Q-factor along with the interval velocity.

Figure 2: Input source function (dashed curve 1)
versus output wavelet. Presented are results using
the Futterman’s relation (Gajewski and Pšencík,
1992) (curve 2) and the dispersion law by Hanyga
and Seredynska (1999) (curve 3). The source
wavelet has a zero phase and a dominant frequency
of 20 Hz.
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Figure 3: Example of qP and qSV Green’s function
traveltime maps (vertical section): elastic (right
panel) versus anelastic (left panel) TI model. The
average difference 0τττ −=∆  between elastic and
anelastic arrival times τ  and 0τ  is about 11 ms
and 17 ms for qP- and qSV-waves, respectively.
The FRT yields the maximum traveltime error of 1
ms, in agreement with the tolerance 001.0=χ . It is
seen that 0>∆τ  because the signal vanishes at the
wavefront and its peak arrives with some delay
after the wavefront. This effect was studied in detail
by Hanyga and Seredynska (1999).

Conclusions

A factorized method for kinematic and
dynamic ray tracing in weakly anelastic TI
media has been developed and tested
numerically. Results show that this is the
accurate and fast method of incorporating
weak dispersion and attenuation effects into
multi-component 3D and time-lapse modeling-
imaging studies.
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