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The introduction of the time-lapse methodology requires a clear understanding of how the

seismic properties of rock respond to changing reservoir conditions. Perhaps the most fundamental

such question is the uid-substitution problem: the attempt to predict the seismic e�ect resulting

from a change to the saturating uid.

Gassmann's theorem (Gassmann 1951) and its extensions (Brown & Korringa 1975) have tradi-

tionally formed the theoretical basis for attempts to solve the uid-substitution problem in practice.

The formal statement of Gassmann's result is:
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where �sat is the saturated bulk modulus, �dry is the dry bulk modulus, �m is the bulk modulus of

the mineral making up the rock, �f is the bulk modulus of the saturating uid, �sat is the saturated

shear modulus, �dry is the dry shear modulus and � is the porosity.

It is well known that a number of assumptions underlie Gassmann's theorem: the rock has to be

statistically isotropic (although the anisotropic extension has been given by Brown and Korringa,

1975), fully saturated and made up from a single mineral. Additionally the results are only valid

for waves propagating at very low frequency. This is because it is required that uid can move to
relieve all local pressure gradients within the period of the wave.

It has been suggested that the assumption of complete pressure equalisation in the uid may

be incorrect, at least for high frequency ultrasonic experiments. Squirt ow theory (Mavko & Nur,

1975) is based on the concept that, for �nite frequencies, local pressure gradients can persist. Mavko

and Jizba (1991) derived results similar to Gassmann's theorem under the assumption of no pressure

communication whatsoever. Mavko and Jizba's results are valid for limiting high frequencies.

Neither the Gassmann nor the Mavko and Jizba theories contain any dependence on viscosity

or explicit dependence on frequency. It is clearly important to determine the extent of the low

frequency range over which Gassmann formulation is appropriate and the high frequency range

over which the Mavko and Jizba formulation is valid. It is possible that substantial viscosity

dependence could occur in regions in between the two cases.
Chapman (2001) derived a theoretical squirt ow model from micro-structural considerations,

incorporating frequency and viscosity dependence into the standard (Eshelby, 1957) e�ective

medium model. The model is consistent in the zero frequency limit with the results of Gassmann's

theorem and predicts the existence of a slow compressional wave in agreement with Biot's (1956)

theory.

Chapman (2001) calibrated this model against the measurements of Sothcott et al. (2000).

These consisted of ultrasonic (c. 1 MHz) and resonant bar (c. 3 kHz - 30 kHz) measurements of

velocity and attenuation for rocks saturated with both brine and crude oil and for e�ective stresses

between 10 and 40 MPa. The purpose of this paper is to examine this calibration.



A central feature of the model is the existence of a characteristic time scale (reciprocal of

characteristic squirt ow frequency) for uid ow. An estimate for this time scale, � , is given by

(Chapman 2001):
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where � is the grain size, � is the rock shear modulus, � is the uid viscosity and k the

permeability. This time scale may be used to form a non-dimensional frequency (!�), where ! is

the angular frequency.

To model the behaviour of rock we require to know the value of � . It is possible to make estimates

of � from equation 3 but these are likely to be rather unreliable. Nevertheless, consideration of the

resonant bar data of Sothcott et al. (2000) led Chapman (2001) to derive dispersion curves relating

velocity to non-dimensional frequency (!�). These are reproduced in Figure 1. The physical
properties of the uids are shown in Table (1).

It is noticeable that the curves appear to separate into three distinct regions. The �rst region

corresponds to log(!�) less than about -1.5. In this region the shear wave velocity is higher for

oil saturation than it is for brine saturation. This is entirely due to the smaller density of oil

as compared to brine; there is no uid e�ect on the shear modulus of the saturated rock. The

P-wave velocity, however, is higher for brine saturated rock. This is because the e�ect of uid

compressibility on the bulk modulus of the saturated rock is strong enough to overcome the density

e�ect. Chapman (2001) shows that these predictions are consistent with the explicit Gassmann

predictions for this case.

The region in which log(!�) is greater than 0.5 shows similar behaviour. Relative shear velocity

is controlled largely by the density e�ect but a slightly smaller compressibility e�ect ensures that
the P-wave velocity is higher for brine saturation. Chapman (2001) shows that this behaviour is

consistent with the Mavko and Jizba (1991) analysis.

Between these cases there is a transition region, roughly log(!�) between -1.5 and 0.5, in which

the behaviour is very di�erent. The most striking di�erence is that P-wave velocity for oil saturation

is higher than that for brine saturation. This e�ect is due to the higher viscosity of the oil. The

higher viscosity of oil implies a higher value of � . This has the e�ect of moving the dispersion

curve to the left, leading to the existence of the region in which the P-wave velocity is higher for

oil saturation.

A similar e�ect occurs with the S-wave velocity. The separation into three distinct sectors is

the same, but the lack of a compressibility e�ect implies that oil-saturated velocity is always higher

than brine-saturated velocity and therefore that in the intermediate transition region there is a
substantial di�erence between the two velocities.

Ultrasonic measurements of Sothcott et al. (2000) show behaviour which is characteristic of

the transition region. They observed that P-wave velocities were slightly higher for oil saturated

samples than for brine saturated velocities, with S-wave velocities being substantially higher for oil

saturation.

If we base out interpretation of these results on the frequency being used lying in the transition

region, we may model the results by choosing an appropriate value of � for the brine saturation.

The value of � for oil saturation will then follow automatically since we know the di�erence in

viscosities between the two uids. Chapman (2001) chose the value � = 2 � 10�6 s for brine

saturation to optimise the �t to the ultrasonic data. This resulted in the �t reproduced in Figure

2.
I conclude that the interpretation of the ultrasonic frequency as lying in the transition region

is capable of explaining the experimental results. Having thus calibrated the model, I can examine

the implied dispersion curves for both P- and S- wave velocities. It is clear that in this case the

tranisiton region lies at high (roughly 10kHz to 1MHz) frequencies and it is tempting to conclude

that Gassmann's theorem should be completely valid at seismic frequencies. However, the oil used

in the experiments was very light (having a viscosity of 7.5 cP) and the rock is extremely permeable
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Figure 1: Velocity against non-dimensional frequency for oil and brine saturation.

(around 250 mD). The case of a more viscous oil and a rock of lower permeability would be expected

to give di�erent results.

It is interesting to examine the implied relationship between velocity and viscosity for the case

of rock of 10 mD permeability. The nature of this relationship is highly dependent upon the wave

frequency. In Figure 3 I reproduce the velocity-viscosity relationships under 30 MPa e�ective
stress for frequencies of 10 Hz, 100 Hz and 1 kHz. It is clear that signi�cant viscosity dependence

is to be expected for frequencies as low as 100 Hz.

Conclusions

To perform uid substitution reliably we require to solve a complicated problem in which per-

meability, viscosity and frequency are coupled together. Chapman (2001) calibrated a theoretical

model against Sothcott et al.'s (2000) experiments at ultrasonic and sonic frequencies. The model

predicts little viscosity dependence of velocity at seismic frequencies for the high permeability rocks

considered in the experiments, but such dependence is to be expected in rocks of lower permeability.
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Figure 2: Modelling of ultrasonic data: Velocity against e�ective stress (MPa) for oil and brine
saturation.
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Figure 3: Velocities as a function of uid viscosity for various frequencies for rock of 10 mD

permeability.

Fluid Density (kgm�3) Bulk modulus (GPa) Viscosity (cP)

Brine 1000 2.9 1

Oil 810 1.68 7.5

Table 1: Properties of the uids used in Sothcott et al.'s (2000) experiments


