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SUMMARY

This paper introduces a simple frequency-dependent velocity average equation derived using the
�self-�eld� �rst-order scattering theory. Laboratory determinations of the velocities of ultrasonic
waves in water-saturated sandstones are compared with the values calculated using the frequency-
dependent and traditional �static� equations. When an appropriate matrix velocity is used, the
frequency-dependent equation yields a better �t to the laboratory data for medium-porosity rocks.
This equation can also be used to derive additional information about the pore geometry and �uid
properties.

INTRODUCTION

Traditionally, the linear regression equation 1=V = A + B" has been used to determine fractional
porosity " (that is, the volume concentration of inclusions or pores) from velocity logs V in water-
saturated sands and sandstones. Typically, A is determined principally by the matrix velocity Vm
(Domenico, 1984; Yale, 1985). Recent developments in e�ective medium theories (Domenico, 1984;
Han et al., 1986; Klimentos, 1991; Dvorkin and Nur, 1998; Berryman, 1999), achieved using the
long wavelength (elastostatic) condition, have sought to establish the relationship between B and
rock properties such as permeability, clay content, and pore geometry. Kuster and Toks�oz (1974)
formulated the problem in terms of scattering phenomena to derive the velocity-porosity equation.
I address this problem in a similar fashion but adopt a less restrictive representation of the scattered
wave�eld within the framework of the self-�eld approach (Kligman et al., 1981) originally developed
by Chaban (1965). The main advantage of using this approach is that it allows for dispersion and
attenuation e�ects in two-phase media. Although the self-�eld solution ignores multiple scattering
e�ects (Kligman et al., 1981), it can be applied to real, �nite-frequency, seismic or ultrasonic (log
or laboratory) data without the severe restrictions imposed by the elastostatic theories.

METHOD

Let the recorded wave�eld be represented by the relevant (scalar, P or S) velocity potential of
frequency ! = 2�f . Consider a two-phase porous medium with solid, liquid, or gaseous inclusions
characterized by the propagation velocity Vf 6= Vm, the average pore dimension parameter a (Norris,
1993), and by the mean spacing between the inclusions s. Usually, it is assumed that the parameters
a and s are much smaller than the average wavelength � = V=f (Kligman et al., 1981). Thus, the
medium can be regarded as homogeneous with e�ective velocity V 6= Vf ; Vm. This velocity is
assumed to be the observed velocity of the composite medium.

I take the following frequency-dependent ansatz
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is referred to as the dynamic porosity. In equation (1), A = Ai and B = Bi (i = 1; 2; 3) are
frequency-independent parameters which can be predicted using any elastostatic theories, such as



those reviewed recently by Dvorkin and Nur (1998). Exploiting the acoustic self-�eld approach
(Chaban, 1965), I specify A2 = 1=Vm and B2 = 1=Vf � 1=Vm (option 2). Equation (2) contains the
ratio � = !=!0, where the new parameter !0 is known as the resonance frequency of the inclusion.
By analogy with Biot's characteristic frequency (Kuster and Toks�oz, 1974), the parameter !0 may
be expressed as !0 � 2�(S0=Sc)(Vf=a). According to Klimentos (1991), the parameters Sc and S0
represent the speci�c surface area of the intra-pore rough area of the clay and the speci�c surface
area of smooth pore-walls, respectively.

If the low-frequency condition � � 1 holds, equation (1) takes the form
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In this case, option 2 corresponds to the well-known time-average equation (Yale, 1985; Dvorkin
and Nur, 1998) while option 3 attempts to reduce random errors in velocity measurements.

Equation (1) implies that
R(a2L)�1=3 � 1; (4)

where L is one of the lengths associated with wave propagation in porous media (Norris, 1993) and
R is the characteristic (or correlation) length of the mean-�eld attenuation (Wu, 1982).

Note that eq. (2) becomes singular as � ! 1. Physically, this re�ects the inability of the medium
to absorb energy at the resonance frequency. Thus, by allowing � to be complex, we can explicitly
observe resonances in the velocity magnitude (Kligman et al., 1981).

Similar considerations apply to anisotropic media with " and a being the crack density and the
average crack dimension parameter, respectively.

EXAMPLES

Equation (1) has been applied to the laboratory measurements of the velocity of ultrasonic waves
in water-saturated sandstones. The �rst example deals with data obtained at 60 MPa e�ective
pressure (Best et al., 1994). The matrix velocity Vm = 5:59 km/s was chosen to represent that
of an average sedimentary rock (Han et al., 1986; Best et al., 1994). First, the average resonance
frequency !0 was estimated in the frequency range f = 0:81 � 0:88 MHz. Second, eq. (1) (option
1 with S0 = Sc) was used to predict the velocity-porosity curve at f = 0:85 MHz (solid line in Fig.
1). Figure 1 shows the results of eqs. (1) (solid line), (3) (dashed line) compared with the observed
data (stars) and the results of Han et al. (1986) (crosses). The fact that velocities in Figure 1 are
not perfectly predicted by eq. (1) for " � 0:2 suggests that they are dependent on some additional
parameter such as clay content. This means that S0 6= Sc. If the clay content is taken into account
according to the empirical formula of Han et al. (1986), the P- and S-wave velocity ratio becomes
fully consistent with the laboratory measurements, whereas the same correction of eq. (3) does not
improve the prediction at all (Fig.2). Figure 3 shows velocity data due to Rafavich et al. (1984) in
the depth range 1.218-1.235 km. The velocities of the matrix (calcite) and of the �uid (brine) are
Vm = 6:4 km/s and Vf = 1:612 km/s, respectively. P-wave velocity curves were computed using
eqs. (1) (x sign) and (3) (plus sign) (option 2).

CONCLUSIONS

When an appropriate matrix velocity is employed, eq. (1) shows a better correspondence to lab-
oratory data than eq. (3), particularly for " > 0:1. Consequently, eq. (1) can be used in place
of eq. (3) or other elastostatic equations to estimate porosity more accurately. From the results
presented, it seems that it is feasible to remove any systematic discrepancy between observed data
and the results of eq. (3) or other elastostatic equations by estimating the dynamic porosity (2) and
applying eq. (1). It is also important that the parameter (2) can provide additional information
about pore geometry and �uid properties. Tests show that eq. (1) is valid for medium-porosity



rocks and for almost arbitrary values of the velocity contrast ratio Vf=Vm. Furthermore, whereas
eq. (3) is restricted to �clean� water-saturated sandstones at appreciable depths (Domenico, 1984),
the results show that eq. (1) can also incorporate the e�ects of clays on velocities as described by
Han et al. (1986) and Klimentos (1991).
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Figure 1: P-wave velocity versus percentage of porosity. Experimental data (stars) are the
laboratory velocity measurements at f = 0:85 MHz (Best et al., 1994). Velocities were estimated
by using equations (1) (option 1) (solid line), (3) (dashed line) and the empirical equation by Han
et al. (1986) (crosses). It is assumed that S0 = Sc. The fact that velocities for " � 0:2 are not
perfectly predicted suggests that S0 6= Sc.
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Figure 2: Velocity ratio Vp=Vs versus percentage of porosity. Velocities were computed using
eq. (1) (option 1) (solid line) or eq. (3) (option 2) (dashed line) by taking into account clay content
as suggested by Han et al. (1986). Both lines have jumps because S0 6= Sc. Only eight values were
predicted and just connected by solid or dashed line.
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Figure 3: P-wave velocity versus percentage of porosity. Experimental data (stars) are the
laboratory measurements of P-wave velocity simulated well-log velocity values from a well with
cored sections in the Mission Canyon formation, Williston basin, North Dakota (Rafavich et al.,
1984). Predicted velocities were computed using equations (1) (x signs) and (3) (plus signs) (option
2).
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